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A method of visualizing atomic polarization as a surface
in three dimensions is described. The technique is used to
illustrate the evolution of polarized atoms in external electric
and magnetic fields. This can aid in the understanding of
experiments involving the evolution of atomic polarization,
such as optical rotation experiments and measurements of
discrete symmetry violations in atomic systems.
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I. INTRODUCTION

When an atom is in the presence of external electric or
magnetic fields, some of the degeneracies between Zee-
man sublevels are lifted. If atoms are prepared in a po-
larized state, the polarization generally evolves in time
due to the difference in the phases accumulated by sub-
levels with different energies. This is a particular case of
a broad class of physical phenomena known as quantum
beats (see, e.g., Ref. [1] and references therein).

In the case of quantum beats due to the linear Zee-
man effect, the atomic polarization precesses around the
magnetic field vector, so that the polarization state is sta-
tionary in the frame rotating with the Larmor frequency.
Consequently, Zeeman beats can be visualized as rotation
of a vector (e.g., the average angular momentum vector),
or of an axis (e.g., the alignment axis). This approach
becomes less straightforward for more complicated quan-
tum beats, such as Stark beats, however, since one has to
trace the evolution of multiple vectors or axes describing
each polarization moment (irreducible tensor component
of the density matrix, see, e.g., Refs. [1,2]).

In this note, we use a different approach to visualize
quantum beats: instead of drawing the average angular
momentum vector, we draw a surface in three dimensions
representing the probability distribution of the angular
momentum. A similar approach has been used to de-
scribe molecular polarization and its evolution [3], and
more recently to analyze anisotropy induced in atoms
and molecules by elliptically polarized light [4].

Below, we briefly describe the visualization method
and give several examples of its application.

II. PROBABILITY SURFACE, LARMOR
PRECESSION

In order to visualize the angular momentum state of
atoms with total angular momentum J , we draw a surface
whose distance r from the origin is equal to the proba-
bility of finding the projection m = J along the radial
direction. To find the radius in a direction given by po-
lar angles θ and ϕ, we rotate the density matrix ρ so that
the quantization axis is along this direction and then take
the ρJJ element:

r(θ, ϕ) = 〈m = J |(R−1(ϕ, θ, 0)ρR(ϕ, θ, 0))|m = J〉. (1)

Here R(α, β, γ) is the quantum mechanical rotation ma-
trix (see, e.g., Ref. [5]).
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FIG. 1. A sequence of probability surfaces representing
evolution of a state with J = 1. The state is initially stretched
along ŷ at t = 0 and a magnetic field is applied along ẑ, caus-
ing Larmor precession with period τZ .

Consider for example atoms prepared at t = 0 in the
J = 1, m = 1 (“stretched”) state with the quantization
axis chosen along ŷ. Suppose a magnetic field B is ap-
plied along ẑ. It is a well-known result that the time
evolution of the atoms corresponds to precession of the
angular momentum around the direction of the magnetic
field with Larmor frequency gµB/h̄, where g is the Landé
factor, µ is the Bohr magneton, and h̄ is Planck’s con-
stant. Time evolution of the density matrix is given by
the matrix equation (see, e.g., Ref. [1])
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dρ

dt
=

1
ih̄

[H, ρ], (2)

where H is the Hamiltonian and the square brackets de-
note the commutator. A sequence of probability surfaces
obtained from the numerical solution of Eq. (2) is shown
in Fig. 1. As expected, the surface rotates as a whole
without deformation.

III. STARK BEATS, ORIENTATION TO
ALIGNMENT CONVERSION

Next we consider quantum beats in the presence of
a static electric field. As above, atoms are prepared at
t = 0 in the J = 1, m = 1 state with the quantization
axis chosen along ŷ. Now, instead of the magnetic field,
we have an electric field applied along ẑ.

x y

z

t =
3 ΤS����������������

4

x y

z

t =
7 ΤS����������������

8

x y

z

t =ΤS

x y

z

t =
3 ΤS����������������

8

x y

z

t =
ΤS����������
2

x y

z

t =
5 ΤS����������������

8

x y

z

t =0

x y

z

t =
ΤS����������
8

x y

z

t =
ΤS����������
4

FIG. 2. A sequence of probability surfaces representing
evolution of a state with J = 1. The state is initially stretched
along ŷ at t = 0 and an electric field is applied along ẑ, causing
Stark beats with period τS .

A sequence of probability surfaces for this case is shown
in Fig. 2. We see that the state originally stretched along
ŷ oscillates between this state and the one stretched along
−ŷ. In between, the system evolves through states with
no orientation, but which are aligned1 along the ẑ± x̂ di-

1There are different definitions of the terms “alignment”
and “orientation” in the literature. For example, in Ref.
[2], alignment designates even moments in atomic polariza-
tion (quadrupole, hexadecapole, etc.), while orientation des-
ignates the odd moments (dipole, octupole, etc.). We use the
convention of Ref. [1], in which alignment designates the sec-
ond (quadrupole) polarization moment, and orientation des-
ignates the first (dipole) polarization moment.

rections. Since the stretched states have orientation, this
evolution is an example of orientation-to-alignment and
alignment-to-orientation conversion. A detailed discus-
sion of the conditions when such conversion is possible
can be found, e.g., in Ref. [3].2

To see more explicitly the conversion between multi-
pole moments, we use the expansion of the density matrix
into the irreducible tensor “κq” representation (see, e.g.,
Ref. [7]):

σκq =
∑
m,m′

(−1)J−m
′〈J,m, J,−m′|κ, q〉ρmm′ , (3)

where 〈. . . | . . .〉 indicate the Clebsch-Gordan coefficients.
The norm of each multipole Wκ is given by the square
root of the scalar product (see, e.g., Ref. [2])

Wκ =
√∑

q

(−1)qσκqσκ−q. (4)

For J = 1, the dipole and quadrupole are the only non-
scalar moments that exist. Their norms for the case of
Fig. 2 are shown as a function of time in Fig. 3.
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FIG. 3. Evolution of the norms of the dipole moment
(κ = 1) and the quadrupole moment (κ = 2) for the case
of Fig. 2. Notice that alignment is maximal when orientation
is minimal and vice versa.

In the next example, we consider a similar problem
for J = 2. Here, however, instead of a stretched state,
we start at t = 0 with a state corresponding to pure
orientation along ŷ (no higher moments). To construct
such a state, we use the inverse transformation:

2In Ref. [6], it was stated that an axial vector interaction
that is odd with respect to time-reversal (such as interaction
with a magnetic field) is required for alignment-to-orientation
conversion. This statement is apparently incorrect.
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ρmm′ =
∑
κ,q

(−1)J−m
′〈J,m, J,−m′|κ, q〉σκq. (5)

If the scalar moment σ00, representing the total popu-
lation, is zero, the transformation into ρ gives an un-
physical density matrix in which some of the diagonal
matrix elements are negative, representing the fact that
an “empty” state cannot be polarized. Thus, when con-
structing a state with “pure” κq polarization, we also add
the minimum amount of σ00 that makes the populations
of all m−sublevels non-negative. The corresponding (un-
normalized) density matrix for J = 2, κ = 1, q = 0 is

ρ =


0 0 0 0 0
0 1 0 0 0
0 0 2 0 0
0 0 0 3 0
0 0 0 0 4

 . (6)

Note that such an oriented state described by this density
matrix cannot be represented by a wave function. A
wave function describes a coherent superposition of the
m−sublevels, while the diagonal matrix (6) represents
populations without coherences.

x y

z
t =

3 ΤS����������������
4

x y

z
t =

7 ΤS����������������
8

x y

z
t =ΤS

x y

z
t =

3 ΤS����������������
8

x y

z
t =

ΤS����������
2

x y

z
t =

5 ΤS����������������
8

x y

z
t =0

x y

z
t =

ΤS����������
8

x y

z
t =

ΤS����������
4

FIG. 4. A sequence of probability surfaces representing
evolution of a state with J = 2. The state is initially ori-
ented along ŷ at t = 0 and an electric field is applied along ẑ,
causing Stark beats with period τS.

Figure 4 shows the evolution of the state obtained from
the matrix (6) by a −π/2 rotation around x̂ (i.e. a state
oriented along ŷ) in the presence of the ẑ-directed electric
field. Here the evolution of the probability surface ap-
pears much more complex than in the J = 1 case. This
is due to the generation of higher multipoles (octupole
and hexadecapole), in addition to dipole and quadrupole.
The time dependence of the norm of each moment is
shown in Fig. 5.
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FIG. 5. Evolution of the norms of various moments for the
case of Fig. 4. At t = 0 there are no moments higher than
orientation, but quadrupole (κ = 2), octupole (κ = 3) and
hexadecapole (κ = 4) moments appear in the course of the
system’s evolution.

IV. EDM EXPERIMENTS

Here we present a sequence of the probability surfaces
describing the atomic state evolution in an experiment
[8] searching for parity- and time-reversal-violating per-
manent atomic electric dipole moment (EDM). This mea-
surement of the atomic EDM of thallium currently yields
the best limits on the EDM of an electron.

The basic idea of this and most other EDM experi-
ments (see, e.g., Ref. [9] for a recent review) is to search
for EDM-induced precession of the angular momentum in
an electric field analogous to the usual magnetic moment-
induced precession in a magnetic field.

A simplified measurement sequence in the experiment
is the following. Originally unpolarized Tl atoms in the
hyperfine component of the ground 62P1/2 state with to-
tal angular momentum F = 1 (the nuclear spin of Tl is
I = 1/2) enter into the state selector region, where they
are optically pumped into the F = 1, m = 0 state (Fig.
6). In the three-component spinor representation, the
wave function at this point is:

ψ1 =

 0
1
0

 . (7)

Next, the atoms go through a region with oscillating mag-
netic field which serves to transform the state into:

ψ2 =
1√
2

 1
0
1

 . (8)

(Here and below we neglect unimportant overall phase
factors). As seen in Fig. 6, this transformation corre-

3



sponds to a rotation of the probability surface around x̂
by π/2.
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FIG. 6. A sequence of probability surfaces representing
atomic wave functions found in four stages of the EDM exper-
iment [8]: ψ1, after optical pumping, ψ2, after the first “state
rotation” region, ψ3, after precession in an electric field, ψ4,
after the second state rotation region.

Next, the atoms go through a precession region where
a strong DC electric field E is applied along ẑ. This field
shifts the energy of the m = 0 state away from that of the
m = ±1 states due to the usual quadratic Stark effect. If
an atomic EDM d is present, the degeneracy between the
m = ±1 states is lifted, so after an atom spends a time
τ in the precession region, the wave function becomes:

ψ3 =
1√
2

 e−iε

0
eiε

 , (9)

where ε = dEτ/h̄. To prepare the atoms for analysis,
a second region with oscillating magnetic field is used,
but with the field orientation rotated by an angle α with
respect to the first oscillating field region.3 After this
region, for α = π/4 and for ε � 1, the wave function
becomes:

ψ4 =

 1
2e
−iπ/4(1− ε)
1√
2
(1 + ε)

− 1
2e
iπ/4(1 − ε)

 . (10)

Finally, the sum of the populations of the m = ±1 sub-
levels is measured in the second optical pumping region,
and the signal is found to be linearly dependent on the
EDM-induced phase shift ε (see Ref. [8] for a detailed
discussion). Fig. 6 represents a sequence of probability
surfaces corresponding to the wave functions ψ1−4. We

3In practice, instead of changing the orientation of the field,
one adjusts the relative phases between the oscillating regions.
Also, the entire apparatus is in a DC magnetic field applied
along ẑ, so strictly speaking, the present discussion should
refer to a frame rotating at the Larmor frequency in this field.

believe that these pictures are useful for intuitive under-
standing of the principle of this experiment, as well as for
visualizing some of the more subtle aspects of the exper-
iment such as the effect of the Berry’s geometric phase
[10].

V. OPTICAL ROTATION

Detailed understanding of the evolution of atomic po-
larization in the presence of external fields is important
in nonlinear magneto- and electro-optics (see, e.g., Refs.
[11,12] and references therein). An example can be found
in the study of nonlinear Faraday rotation due to co-
herence effects in an atomic medium (rotation of the
polarization of linearly polarized light due to evolution
of atomic polarization in a longitudinal magnetic field).
At low light power, the polarized atoms undergo Lar-
mor precession in the magnetic field, rotating the axis
of dichroism, and thus causing the light polarization to
rotate as shown in Fig. 7 (see also, e.g., Ref. [13]). How-
ever, at high light power, the character of optical ro-
tation changes due to the effect of the AC Stark shifts
from the laser light on the atomic evolution; the com-
bined action of the laser light and magnetic field cause
alignment-to-orientation conversion (Fig. 8), producing
circular birefringence which leads to optical rotation of
different magnitude and possibly different sign than that
of the low-power effect [14].
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FIG. 7. Evolution of ground state atomic polariza-
tion for low light-power nonlinear Faraday rotation on a
J = 1 → J = 1 transition. The atoms have been polar-
ized by the light beam, which propagates in the ẑ direction
and is linearly polarized in the x̂ direction. For a 1→ 1 tran-
sition, atoms with an angular momentum projection along
the x̂ or −x̂ direction absorb x̂-polarized light; atoms with no
such projection do not. As can be seen in the first frame, the
atoms have been pumped into the state which does not ab-
sorb x̂-polarized light; the medium has acquired linear dichro-
ism. After the atoms undergo Larmor precession due to the
ẑ-directed magnetic field, the axis of dichroism is no longer
along the x̂ direction. Light of a different polarization is now
preferentially transmitted; this is observed as rotation by an-
gle ϕ of the polarization of transmitted light.
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FIG. 8. Evolution of ground state atomic polariza-
tion for high light-power nonlinear Faraday rotation on a
J = 1→ J = 1 transition. The atoms have been polarized as
in Fig. 7. Here, the AC Stark shift due to the electric field E
of the laser light is large enough to be important, and the com-
bined action of the optical field and the magnetic field causes
alignment-to-orientation conversion. By the third frame the
axis of linear dichroism has not rotated significantly in the
x̂ − ŷ plane. However, the acquired ẑ-orientation causes the
medium to become circularly birefringent, inducing different
phase shifts for right- and left-circularly polarized light, and
thus rotating the linear polarization of the transmitted light
by an angle ϕ.

VI. CONCLUSION

In the examples above, we have used a visualization
technique to describe the evolution of atomic polariza-
tion in the presence of external fields. Understanding
of this evolution is important in the analysis of optical
properties of atomic media. Further discussion of atomic
polarization evolution in the presence of crossed electric
and magnetic fields can be found in Ref. [15], and addi-
tional applications of the present visualization technique
are given on our web site [16].
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