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ATOMIC STRUCTURE

1.1 Ground state of phosphorus

One of the most important topics in atomic physics is the description of atomic
energy levels. The study of atomic structure continues to be an exciting field, with
increasingly precise measurements and improved calculational tools allowing ever
more detailed comparisons between experiment and theory.

The first few problems in this chapter deal with some of the basic features
of atomic energy levels in multi-electron atoms. In the simplest atom, hydrogen,
most of the splitting between energy levels comes from the difference between the
principal quantum numbersn for different states – the energyEn of an electron in
the hydrogen atom is given, approximately, by the famous Bohr formula,

En ≈ −me4

2~2

1
n2

, (1.1)

wherem is the mass of the electron ande is the absolute value of its charge.
As a first approximation, in more complex atoms we can consider the states of
individual electrons as if they were moving in an effective centrally symmetric
field created by the nucleus and the other electrons (thecentral field approxima-
tion). In this case we can assign a principal quantum numbern and an orbital
angular momentuml to each electron (the distribution of the electrons among the
states with variousn’s and l’s is known as theelectron configuration), and, as
in hydrogen, the differences between the principal quantum numbers for differ-
ent configurations are an important source of energy level splittings. In contrast
to hydrogen, however, the energy of a particular configuration for a multi-electron
atom is also dependent onl. This is because electrons with largerl values are, on
average, further from the nucleus due to the centrifugal barrier, and the other elec-
trons screen the nuclear charge. Based on these two general ideas, one expects that
configurations for which electrons have the lowest possible values ofn andl have
the lowest energies. Fors andp orbitals, it is most important to have the smallest
value ofn (“regular” configurations). However, one finds that in some cases, for
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d andf orbitals it can be energetically favorable for electrons to have highern so
that they can occupy states with lowerl (“irregular” configurations1).

Next one must consider in more detail the mutual electrostatic repulsion
between the electrons. Already, the central field approximation has accounted
for the spherically symmetric part of the potential due to the electron-electron
interaction which is responsible for the screening of the nucleus. There is also
a nonspherically symmetric part of the electron-electron potential related to the
fact that it is energetically favorable for electrons to be as far apart as possible.

For a given configuration, the atomic states can be specified by the total orbital
angular momentum~L =

∑~li and the total spin~S =
∑

~si (this characteriza-
tion of atomic states, valid for low to intermediateZ atoms, is known as the
Russell-Saundersor L-S coupling scheme2). Since the average separation between
electrons are different for states with differentL and S, these states are split
in energy (see Problem 1.2). The states of a given configuration identified with
particularL andS are known as theterm.

There are empirical rules, known asHund’s rules[see, for example, Brans-
den and Joachain (2003), Landau and Lifshitz (1977), or Herzberg (1944)], for
determining which term has the lowest energy for a given configuration (in the
Russell-Saunders coupling scheme). Hund’s rules state that

• the energy of a term decreases with increasingS (so the term with the largest
S has the lowest energy), and

• for a givenS, the larger the total orbital angular momentumL the lower the
energy.

These rules ensure that the ground state electrons are, on average, as far apart
as possible, which minimizes the electrostatic repulsion between them.

For both single and multi-electron atoms, there is also the spin-orbit interaction
(see Problem 1.3) which causes splitting of states with different values of the total
electronic angular momentumJ (spinS coupled to orbitalL). Since this splitting
is typically considerably smaller than the energy differences from the previously
discussed mechanisms, it is known as thefine-structuresplitting.

1 An example of such an irregular configuration is the ground state of potassium, which is
1s22s22p63s23p64s instead of1s22s22p63s23p63d.

2 In atoms with large Z, the spin-orbit energy (arising from relativistic effects) can become more
important than the residual, nonspherical electrostatic interaction between the electrons. In such a
case, it is useful to specify individual electron states by their total angular momentum~j = ~l + ~s.
This is known as thej-j coupling scheme. In each coupling scheme, we are trying to begin our
considerations with what are nearly the energy eigenfunctions for the atom, but in the general case
neitherL-S nor j-j coupling give the correct energy eigenfunctions.
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Typically, theL, S, andJ for a particular state are designated inspectroscopic
notation(see, for example, Appendix C):

2S+1LJ . (1.2)

In this problem, we consider all of the aforementioned interactions in order
to determine the energy level structure for the terms corresponding to the ground
state configuration of phosphorus (P).

(a) What is the ground state configuration of P,Z = 15?

(b) What is the ground term andJ value for P according to Hund’s rules?

(c) What other terms are possible for the ground state configuration? Which of the
terms has the highest energy?

(d) For the term with the highest energy corresponding to the ground state config-
uration, identified in part (c), can one say what value ofJ has the highest energy
using first-order perturbation theory?

Hints

In part (b), we can make use of the fact that electrons in the filled subshells
(1s, 2s, 2p, 3s) have total spin and total orbital angular momentum equal to zero,
and so we need only consider the three outer electrons in the3p orbital to determine
the ground term.

For the ground term, first consider the maximum spin and maximum projection of
the spin along the quantization axis for three electrons (according to Hund’s first
rule, this should beS for the ground term). What must be the orbital wavefunction
in this case?

Part (d) is tricky! One can think of a subshell (which can hold a total of2(2l + 1)
electrons) containingN electrons as consisting ofN electronsor 2(2l + 1) − N
holes. The spin-orbit splitting (to first order) has opposite sign for electrons and
holes.

Solution

(a) Phosphorus has sufficiently lowZ that each shell fills regularly (there are
no d or f states involved). A subshell can contain2(2l + 1) electrons, wherel
is the orbital angular momentum quantum number for the individual electrons.
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Therefore, the ground state configuration is

1s22s22p63s23p3. (1.3)

(b) The maximum total spin that three electrons can possess isS = 3/2. The
S = 3/2 spin wavefunctions are symmetric under particle interchange. This can
be seen from the fact that the stretched state|S, Ms = S〉 is obviously symmetric

|3/2, 3/2〉 = |+〉1|+〉2|+〉3 , (1.4)

and all the otherS = 3/2 states can be obtained by application of the lowering
operatorS− = S1− + S2− + S3−, which is symmetric and so cannot change the
exchange symmetry of the spin states.

To satisfy thespin-statistics theorem,3 we must choose a spatial wavefunction
which is totally antisymmetric with respect to particle interchange. With three
p electrons, we havel1 = 1, l2 = 1, and l3 = 1, in principle allowingL =
3, 2, 1 and0, whereL is the total angular momentum of all three valence electrons.
However, in order to construct a totally antisymmetric wavefunction, one needs
at least as many states as there are particles. This can be seen by considering
the Slater determinant[see, for example, Bransden and Joachain (2003)], which
provides a simple method for finding a totally antisymmetric wavefunction for a
system of particles. In this case we have three particles in, let us say, statesα, β,
andγ. Then the totally antisymmetric wavefunction is given by:

ΨAS =
1√
3!

∣∣∣∣∣∣

α(1) β(1) γ(1)
α(2) β(2) γ(2)
α(3) β(3) γ(3)

∣∣∣∣∣∣
. (1.5)

This wavefunction is clearly exchange antisymmetric, since interchanging two par-
ticles is equivalent to interchanging two rows of the matrix, which changes the sign
of the determinant. Furthermore, the determinant vanishes if two columns are the
same, which occurs if any two of the statesα, β, or γ are the same. Thus thePauli
exclusion principleis seen to be a consequence of the fact that electrons must be
in exchange antisymmetric states.

Therefore, forS = 3/2, the allowed spatial wavefunction|ψspace〉 must involve
a superposition of electrons in theml = 1, ml = 0, andml = −1 states (denoted

3 There is an important distinction between thesymmetrization postulateand thespin-statistics
theorem. The symmetrization postulate states that any wavefunction for a system of identical parti-
cles must be either exchange symmetric or exchange antisymmetric (i.e., the wavefunction must be
an eigenstate of the permutation operator). The spin-statistics theorem states that integer spin parti-
cles (bosons) must be in an exchange symmetric state and half-integer spin particles (fermions) are
in exchange antisymmetric states.
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FIG . 1.1 A simple way to figure out the ground state term according to Hund’s rules for the case of

phosphorus.

|1〉, |0〉, |−1〉), namely [using (1.5)],

|ψspace〉 =
1√
6

[
|1〉a|0〉b|−1〉c + |0〉a|−1〉b|1〉c + |−1〉a|1〉b|0〉c

− |−1〉a|0〉b|1〉c − |1〉a|−1〉b|0〉c − |0〉a|1〉b|−1〉c
]

,

(1.6)

so that the total projection of the orbital angular momentum along thez-axis is
ML = 0. Thus the only possible value for the orbital angular momentum isL = 0.

Here is another simple, graphical way to arrive at this conclusion. Consider the
chart shown in Fig. 1.1. Each box corresponds to an individual electron state with
unique quantum numbers. We want to think about the stretched state with maxi-
mumS. The Pauli exclusion principle demands that we can only put one electron
in each box (since otherwise we could not form an exchange antisymmetric state).
We put all electrons inms = 1/2 boxes to maximizeMS (and henceS). Then the
maximum projection ofML consistent withMS = 3/2 is zero. This tells us that
L = 0 for the ground state of phosphorus.

The final step is to figure out whatJ should be. Luckily, there is only one
choice in this case,J = 3/2. Consequently, the ground state for phosphorus is

4S3/2 . (1.7)

(c) As we have seen in part (b),4S3/2 is the only possible term when the electrons
have total spinS = 3/2. But three electrons can also have total spinS = 1/2,
so there are additional, higher-energy terms possible for the given configuration.
Unlike theS = 3/2 spin wavefunctions which are exchange symmetric, theS =
1/2 spin wavefunctions possess no definite exchange symmetry, so the approach
we used in part (b) in which we first considered the exchange symmetry of the spin
wavefunctions and then the exchange symmetry of the orbital wavefunctions fails.
In order to construct totally antisymmetric wavefunctions for the three electrons
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TABLE 1.1 All possible single particle states for the ground state configuration of phosphorus

grouped according toML andMS . For completeness, we have written out all the states, but

because of the symmetry between theML and−ML states and theMS and−MS states, only

one corner of the chart is actually necessary for specifying all the states.

MS ML = 2 ML = 1 ML = 0 ML = −1 ML = −2

+ 3
2 (1+)(0+)(−1+)

(1+)(0+)(1−) (1+)(−1+)(1−) (−1+)(0+)(1−) (1+)(−1+)(−1−) (−1+)(0+)(−1−)

+ 1
2 (1+)(0+)(0−) (−1+)(1+)(0−) (1+)(−1+)(−1−)

(1+)(0+)(−1−)

(1+)(0−)(1−) (1+)(−1−)(1−) (−1+)(0−)(1−) (−1+)(1−)(−1−) (−1+)(0−)(−1−)

− 1
2 (0+)(1−)(0−) (1+)(−1−)(0−) (−1+)(1−)(−1−)

(0+)(1−)(−1−)

− 3
2 (1−)(0−)(−1−)

for these higher-energy terms, we must consider products of spatial and spin states
for each individual electron.

As pointed out in the discussion surrounding Eq. (1.5), in order to construct a
totally antisymmetric wavefunction, one needs at least as many individual electron
states as there are electrons. To determine the additional terms, we can write out
all the possible states using the shorthand notation

(mms

l )a(mms

l )b(mms

l )c ,

which actually refers to the completely antisymmetric wavefunction built from the
three states according to Eq. (1.5). To satisfy the Pauli exclusion principle, we
require that no two of the states for the three electrons are the same. This notation
is equivalent to the chart representation described in part (b) – the chart shown in
Fig. 1.1 corresponds to(1+)(0+)(−1+). Now we can make a table of all possible
states grouped together by the projection of their total orbital angular momentum
ML and the projection of their total spinMS (Table 1.1).

The states described in Table 1.1 are eigenstates of the operatorsLz andSz,
and by forming appropriate linear combinations one can construct eigenstates of
L2, S2, Lz, andSz. The states corresponding to a given term are eigenstates of the
operators

{
L2, S2, J2, Jz

}
. Since both sets of eigenstates form a complete basis

for our system, we know that there must be the same number of eigenstates in each
set. To figure out the additional terms possible for the ground state configuration,
we begin with a stretched state (ML = L andMS = S) for a particular term,
and count off how many states are in that term. We continue this process until we
account for all 20 states in Table 1.1.

Let us begin with the term we already know about,4S. There are four states in
this term (sinceJ = 3/2), all with ML = 0, so that accounts for four states in the
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ML = 0 column of our table. Next, we see that there is one state [(1+)(0+)(1−)]
with ML = 2 andMS = 1/2. This is the stretched state of a2D term. The possible
values of the total electronic angular momentum for the2D term areJ = 5/2 and
J = 3/2, so the2D term accounts for 10 states (six withJ = 5/2 and four with
J = 3/2), two in eachML column, one corresponding toMS = 1/2 and the other
with MS = −1/2 (sinceS = 1/2 for the2D term).

There is another state withML = 1 andMS = 1/2 not accounted for by the
4S or 2D terms. This is the stretched state (the state with the maximum possi-
ble projection of all angular momenta along the quantization axis) for a2P term,
which accounts for the six remaining states (for the2P term we haveJ = 3/2 and
J = 1/2). This covers all the terms:

4S, 2D, and 2P . (1.8)

As for which term in this configuration has the highest energy, we can use argu-
ments based on Hund’s rules. The highest energy term should be the term with the
smallest value ofS and the smallest value ofL, which is the2P term.

(d) As mentioned in the hint, to first order the spin-orbit interaction has opposite
sign for electrons and holes. Since thep3 configuration can be thought of as con-
sisting of three holes or three electrons, we have that the energy splitting due to
the spin-orbit interaction∆ELS satisfies

∆ELS ≈ −∆ELS , (1.9)

so

∆ELS ≈ 0 . (1.10)

To first order, the2P1/2 and the2P3/2 states have the same energy.

1.2 Exchange interaction

In the nonrelativistic limit, the Hamiltonian describing the interaction of electrons
with the nucleus is independent of the electron and nuclear spins. Nonetheless, as
we have seen in Problem 1.1, energy levels in multi-electron atoms do depend on
the spin state of the electrons. Consider a two-electron atom. The nonrelativistic
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HamiltonianH is given by:

H = H0 + H1 , (1.11)

where

H0 = −
2∑

i=1

(
~2

2me
∇2

ri
+

Ze2

ri

)
(1.12)

and

H1 =
e2

|~r1 − ~r2| . (1.13)

HereH0 contains the Coulomb attraction of the electrons to the nucleus andH1

describes the Coulomb repulsion between the electrons, where~ri is the position of
thei-th electron, and|~r1 − ~r2| is the distance between the electrons.

The overall electron wavefunctionΨ is the product of a spatial wavefunction
ψ and a spin functionχ. Fermi statistics demands thatΨ must be antisymmetric
with respect to particle interchange for identical particles with half-integer spin.
Thus if χ is a triplet state (symmetric), thenψ must be antisymmetric; ifχ is a
singlet state (antisymmetric), thenψ must be symmetric. Thus the electron spin
state dictates the symmetry of the spatial part of the wavefunction. It turns out
that due to the Coulomb repulsion between the electrons (H1), symmetric and
antisymmetric spatial wavefunctions have different energies – this is called the
exchange interaction[see, for example, Griffiths (1995) or Landau and Lifshitz
(1977)].

(a) For the case where one electron is in the ground state and another electron is
in an excited state with quantum numbers(n, l, ml), which spin state, the triplet
or singlet, has higher energy? How does this relate to Hund’s rules (discussed in
Problem 1.1)?

(b) As a simple illustration of the exchange interaction, consider two electrons in
a one-dimensional simple harmonic oscillator (SHO) potential. For the case where
one of the electrons is in the ground state and the other is in the first excited state,
calculate〈(x2 − x1)2〉 for the triplet and singlet spin states, wherex1 andx2 are
the positions of the two electrons.
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Solution

(a) Consider the case where one electron is in the ground stateψ100(~r1) and
another electron is in an excited stateψnlml

(~r2). The symmetricψs and antisym-
metricψa spatial wavefunctions are given by:

ψs =
1√
2
[ψ100(~r1) · ψnlml

(~r2) + ψ100(~r2) · ψnlml
(~r1)]

ψa =
1√
2
[ψ100(~r1) · ψnlml

(~r2)− ψ100(~r2) · ψnlml
(~r1)] . (1.14)

If the electrons are inψa, they can never occupy the same position since if~r1 = ~r2

thenψa = 0. However,ψs 6= 0 if ~r1 = ~r2, so it is possible for the two electrons
to be located at the same point. Thus it turns out that, on average, electrons in
ψs are closer to one another than electrons inψa. ThereforeH1 causes a state
with a symmetric spatial wavefunction to have a higher energy than one with
an antisymmetric wavefunction, so the spin singlet states (χ antisymmetric→
ψ symmetric) have higher energies than the triplet ones (χ symmetric→ ψ anti-
symmetric). Based on this reasoning, we can plausibly argue that, in general, terms
with higher total spinS have lower energy since they have more “antisymmetrical”
spatial wavefunctions, leading to less spatial overlap of the electron wavefunctions.
This is the basis for Hund’s first rule.

(b) We can illustrate this principle more explicitly by considering the expectation
value〈(x2 − x1)2〉 for two electrons in a 1D simple harmonic oscillator potential.
For the 1D SHO we have energy eigenstates|n〉 with energy eigenvalues~ω(n +
1/2). Suppose that one electron is in the ground state|0〉 and the other electron
is in the first excited state|1〉. For electrons in the triplet spin states, the spatial
wavefunction must be exchange antisymmetric

|ψa〉 =

√
1
2
(|0〉1|1〉2 − |1〉1|0〉2) , (1.15)

while for the singlet spin state, the spatial wavefunction must be exchange
symmetric

|ψs〉 =

√
1
2
(|0〉1|1〉2 + |1〉1|0〉2) . (1.16)

We can evaluate the expectation value of the distance between the electrons by
expressing the position operators in terms of the raising and lowering operators for
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the two electrons [see, for example, Griffiths (1995)]:

x̂i =

√
~

2mω

(
âi + â†i

)
, (1.17)

where

âi|n〉i =
√

n |n− 1〉i ,

â†i |n〉i =
√

n + 1 |n + 1〉i . (1.18)

For the operator describing the distance between the electrons, we find

(x̂1 − x̂2)
2 = x̂2

1 − 2x̂1x̂2 + x̂2
2 , (1.19)

where, by using Eq. (1.17), we obtain

x̂2
i =

~
2mω

(
âiâi + â†i âi + âiâ

†
i + â†i â

†
i

)
, (1.20)

x̂1x̂2 =
~

2mω

(
â1â2 + â†1â2 + â1â

†
2 + â†1â

†
2

)
. (1.21)

Using the above relations, it is straightforward to show that

〈(x2 − x1)2〉triplet =
3~
mω

, (1.22)

while

〈(x2 − x1)2〉singlet =
~

mω
. (1.23)

Thus we see that, indeed, electrons in the triplet spin states are, on average,
significantly further apart than those in the singlet states.

1.3 Spin-orbit interaction

Beyond the electrostatic attraction between the electrons and the nucleus and the
electrostatic repulsion between the electrons (Problems 1.1 and 1.2), the next most
important cause of energy level splittings in lowZ atoms is the relativistic effects,
which are responsible for what is known as thefine structureof atomic spectra.

For low-lying states in hydrogen, the fine structure splitting of the energy levels
is a factor of∼ α2 smaller than the Bohr energies [Eq. (1.1)]. There are two
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causes of this splitting: (1) the interaction of the magnetic moment of the electrons
with the effective magnetic field the electrons see due to their motion around the
nucleus, and (2) relativistic corrections to the kinetic and potential energies of
the electrons. In the following problem we consider only the splitting due to the
spin-orbit interaction (1), which is the principal cause of fine-structure splitting for
heavier atoms.

Consider the term5D for a multi-electron atom.

(a) What are the possible values ofJ?

(b) Show the splitting of the5D term due to the spin-orbit interaction on an energy
level diagram. Indicate the value ofJ and the energy for each level in terms ofA,
where the spin-orbit interaction is described by the Hamiltonian4

H ′ = A~L · ~S . (1.24)

AssumeA is positive, as is the case for subshells which are less than half-filled.

(c) What effect does the spin-orbit interaction have on the “center of gravity” (the
mean perturbation of all the states of the term)?

Hints

For part (c), you may find useful the following formulae for summations (which
can be proved by induction):

N∑

J=0

J =
1
2
N(N + 1) , (1.25)

N∑

J=0

J2 =
1
6
N(N + 1)(2N + 1) , (1.26)

4 In a multi-electron atom, the “single electron” spin-orbit coupling (meaning that the interaction
between one electron’s spin and another’s orbital motion is ignored, which is a good approximation
for elements located in the middle and end of the periodic system) is given by

H ′ =
∑

i

a~li · ~si .

Assuming that the spin-orbit coupling is small compared to the electrostatic repulsion between the
electrons, the Russell-Saunders coupling scheme (see Problem 1.1) is still valid and, to first order, we
need only calculate the diagonal matrix elements〈L, S, J, MJ |H ′|L, S, J, MJ〉. Seeking the overall
shift of an atomic state with total orbital angular momentum~L and total spin~S, we note that the
averageorbital angular momentum~l of an electron in such a state is∝ ~L, and theaveragespin~s is
∝ ~S (a consequence of the Wigner-Eckart theorem, see Appendix F), allowing us to writeH ′ as is
done in Eq. (1.24) [see, for example, Condon and Shortley (1970) or Landau and Lifshitz (1977)].
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and

N∑

J=0

J3 =
1
4
N2(N + 1)2 . (1.27)

Solution

(a) Here we use the general rule for addition of angular momenta~L + ~S = ~J :

|L− S| ≤ J ≤ L + S , (1.28)

which is known as the triangle inequality. Using (1.28), we find that the possible
values ofJ are:

5D : S = 2, L = 2 → J = 4, 3, 2, 1, 0. (1.29)

(b) For the total angular momentumJ we have the relation:

~J = ~S + ~L , (1.30)

and therefore, by squaring both sides, we have

J2 = S2 + L2 + 2~L · ~S . (1.31)

Therefore the spin-orbit Hamiltonian (1.24) is

H ′ =
A

2
(
J2 − S2 − L2

)
. (1.32)

The states described by the spectral terms2S+1LJ are eigenstates ofJ2, S2, and
L2. Therefore, they are also eigenstates ofH ′ with eigenvalues

∆E =
A~2

2
[J(J + 1)− S(S + 1)− L(L + 1)] . (1.33)

Using Eq. (1.33) and setting~ = 1 we can evaluate the energy shifts for states with
variousJ ’s with S = 2, L = 2:

∆E(J = 4) = 4A (1.34)

∆E(J = 3) = 0 (1.35)

∆E(J = 2) = −3A (1.36)

∆E(J = 1) = −5A (1.37)

∆E(J = 0) = −6A . (1.38)

The energy level structure of this system is shown in Fig. 1.2.
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FIG . 1.2 Splitting of the5D term due to the spin-orbit interactionH ′ = A~L · ~S, with A > 0. We

set~ = 1 for convenience.

Note that the energy difference between adjacent components is given by

∆E(J)−∆E(J − 1) = AJ . (1.39)

This formula is known as theLand́e interval rule.

(c) The “center of gravity” of a term does not change due to the spin-orbit inter-
action. This answer can be guessed, since we expect the average of~L · ~S over all
possible orientations of~L and~S to be zero.

Alternatively, one can use the summation formulae [Eqs. (1.25)-(1.27)] to eval-
uate the shift of the center of gravity. For eachJ there are(2J + 1) Zeeman
sublevels, so that the average energy shift〈∆E〉 is given by the sum:

〈∆E〉 =
A

2

L+S∑

J=|L−S|
(2J + 1)[J(J + 1)− S(S + 1)− L(L + 1)] = 0 . (1.40)

1.4 Hyperfine structure and Zeeman effect in hydrogen

In this classic problem, we are interested in what is known as thehyperfine struc-
ture, which in general arises due to the interaction of atomic electrons with the
electric and magnetic multipole fields of the nucleus (the most important being
the magnetic dipole and electric quadrupole). The transition between the hyperfine
levels in the ground state of hydrogen is responsible for the famous 21-cm line
in radio astronomy (the wavelength of the radiation is 21 cm), and the splitting
between these levels has been measured extremely precisely with the hydrogen
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maser. The transition between the ground state hyperfine levels of cesium is used
for atomic clocks and this transition frequency defines the second.

(a) For the ground state of hydrogen (2S1/2), calculate the splitting of theF =
1 andF = 0 hyperfine levels (in MHz). What is the form of the Hamiltonian
describing the hyperfine interaction?

(b) Consider the effect of a uniform magnetic field~B = Bẑ on the ground state
energy levels of hydrogen (the effects of external fields on atoms are considered
in more detail in Chapters 2 and 4). For now, neglect the interaction of the pro-
ton magnetic moment with the external magnetic field. Calculate the energies of
the ground-electron-state levels of the hydrogen atom as a function of the applied
magnetic fieldB.

(c) If one includes the interaction of the proton magnetic moment with the mag-
netic field, two of the energy levels cross at a certain magnetic field value. Which
levels cross and at what magnetic field does the crossing occur?

Hint

For part (a), since the electron has no orbital angular momentum, one can think
of the magnetic field from the electron~Be being generated by a magnetization
~Me(r):

~Me(r) = −geµ0
~S |ψ100(r)|2 , (1.41)

wherege = 2 is the Land́e g-factor for the electron,5 andψ100(r) is then = 1,
l = 0, ml = 0 ground state wavefunction of hydrogen.

Solution

(a) The ψ100(r) wavefunction is spherically symmetric, so we can envision the
average magnetization produced by the electron (1.41) to consist of the contribu-
tions of a series of concentric spherical balls each with constant magnetization~Mi,
so that

∑

i

~Mi = ~Me(r) . (1.42)

5 Note that the standard sign convention for the Bohr magneton is positive, so the magnetic dipole
moment of the electron isµe = −geµ0.
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Recalling from classical electromagnetism that the magnetic field inside a spheri-
cal ball with constant magnetization~M is given by (Griffiths 1999)

~B =
8π

3
~M , (1.43)

we have for the field atr = 0

~B(0) =
8π

3

∑

i

~Mi =
8π

3
~Me(0) , (1.44)

from which we can calculate the magnetic field seen by the proton using Eq. (1.41).
We assume that|ψ100(r)|2 = |ψ100(0)|2 over the volume of the proton,6 so

~Be = −16π
3

µ0 |ψ100(0)|2 ~S = − 16
3a3

0

µ0
~S , (1.45)

where we have made use of the fact that

|ψ100(0)|2 =
1

πa3
0

. (1.46)

The HamiltonianHhf describing the interaction of the magnetic moment of the
proton~µp with this magnetic field is thus

Hhf = −~µp · ~Be =
16
3a3

0

gpµNµ0
~I · ~S , (1.47)

wheregp = 5.58 is the protong-factor andµN is the nuclear magneton.
Using the same trick employed in the derivation of the fine structure splitting

in Problem 1.3, we find that the Hamiltonian has the form

Hhf = a~I · ~S =
a

2
(
F 2 − I2 − S2

)
. (1.48)

In units where~ = 1,

a ≈ 5.58
16
3a3

0

µNµ0 ≈ 1420 MHz , (1.49)

and in terms of the eigenvalues of the angular momentum operators,

Hhf =
a

2
[F (F + 1)− I(I + 1)− S(S + 1)] . (1.50)

Therefore the hyperfine splitting in the ground state of hydrogen is

∆Ehf ≈ 1420 MHz , (1.51)

which corresponds to electromagnetic radiation of wavelengthλ = 21 cm.

6 An important point is that the hyperfine interaction in this case arises due to the wavefunction
overlap between the proton and electron. This is somewhat subtle, as can be seen by comparing this
analysis to that carried out in Problem 2.5 for a small ball carved out of a uniformly magnetized ball.
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(b) From Eq. (1.50), we see that the energy eigenstates for the Hamilto-
nian describing the hyperfine interaction are also eigenstates of the operators{
F 2, Fz, I

2, S2
}

. Therefore if we write out a matrix for this Hamiltonian in the
coupled basis, it is diagonal. However, the HamiltonianHB for the interaction of
the magnetic moment of the electron with the external magnetic field

HB = −~µe · ~B = 2µ0BSz (1.52)

is diagonal in the uncoupled basis (which is made up of eigenstates of the operators{
I2, Iz, S

2, Sz

}
).

The relationship between the coupled and uncoupled bases is as follows

|F = 1, MF = 1〉 = |+〉S |+〉I , (1.53)

|F = 1, MF = 0〉 =
1√
2
(|+〉S |−〉I + |−〉S |+〉I) , (1.54)

|F = 1,MF = −1〉 = |−〉S |−〉I , (1.55)

|F = 0, MF = 0〉 =
1√
2
(|+〉S |−〉I − |−〉S |+〉I) . (1.56)

Employing Eqs. (1.50) and (1.52), one finds for the matrixH for the overall
Hamiltonian (Hhf + HB) in the coupled basis:

|1, 1〉 |1,−1〉 |1, 0〉 |0, 0〉
〈1, 1| a

4 + µ0B 0 0 0

〈1,−1| 0 a
4 − µ0B 0 0

〈1, 0| 0 0 a
4 −µ0B

〈0, 0| 0 0 −µ0B −3a
4

We can use this matrix to solve for the energies of the states as a function ofB
by employing the Schr̈odinger equation

H|ψ〉 = E|ψ〉 (1.57)

which implies that

(H−E1)|ψ〉 = 0 , (1.58)

where1 is the identity matrix. If(H−E1) had an inverse, then we could multiply
both sides of Eq. (1.58) by(H− E1)−1 to show that|ψ〉 = 0. Assuming|ψ〉 6= 0,
in order to satisfy Eq. (1.58), the matrix(H−E1) must be singular. This implies
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that its determinant is zero:∣∣∣∣∣∣∣∣

a
4 + µ0B −E 0 0 0

0 a
4 − µ0B − E 0 0

0 0 a
4 − E −µ0B

0 0 −µ0B −3a
4 − E

∣∣∣∣∣∣∣∣
= 0 . (1.59)

The above expression is known as thesecular equation. The matrix is block
diagonal, so the energies are obtained by solving

a

4
+ µ0B − E = 0 , (1.60)

a

4
− µ0B − E = 0 , (1.61)

(a

4
−E

)(
−3a

4
−E

)
− µ2

0B
2 = 0 . (1.62)

This gives the following energies

E1 =
a

4
+ µ0B , (1.63)

E2 =
a

4
− µ0B , (1.64)

E3 = −a

4
+

a

2

√
1 + 4

µ2
0B

2

a2
, (1.65)

E4 = −a

4
− a

2

√
1 + 4

µ2
0B

2

a2
, (1.66)

which are plotted as a function ofB in Fig. 1.3.

(c) If we include the effect of the proton’s magnetic moment, we have

~µ = ~µe + ~µp , (1.67)

so

HB = −~µ · ~B = geµ0BSz − gpµNBIz . (1.68)

In the high field limit we expect that the highest energy state should be the
|+〉S |−〉I state. In the low field limit, the|1, 1〉 = |+〉S |+〉I state is the highest
energy state, so these two levels must cross at some magnetic field.

In part (b), where we neglected the proton magnetic moment, for sufficiently
high fields (2µ0B/a À 1), the difference in energy between the two highest lying
energy levels is [see Eqs. (1.63) and (1.65)]:

E1 −E3 ≈ a

2
. (1.69)

When the difference in energy between|+〉I and |−〉I due to the interaction of
the proton’s magnetic moment with the magnetic field is equal to this energy
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FIG . 1.3 Energies of the ground-state hyperfine manifold of hydrogen as a function of applied

magnetic field. Such a plot is known as theBreit-Rabi diagram. At low fields, the system

is well described in the coupled basis (F = 1, 0), while at high fields the energy eigen-

states are best approximated by the uncoupled basis. The energies of the|F = 1, MF = 1〉
and|F = 1, MF = −1〉 states are linear in the magnetic field because they are not mixed with

other states by the magnetic field [see Eqs. (1.53) and (1.55)].

difference, then the levels will cross. This occurs for the magnetic field:

B ≈ a

2× 5.58× µN
≈ 167 kG . (1.70)

1.5 Hydrogenic ions

Hydrogen is an attractive object for the study of atomic structure because its
simplicity allows accurate theoretical calculations which can be compared to
experiment. A number of features in the energy-level structure of hydrogen are
more pronounced in hydrogenic ions (atoms consisting of one electron bound to
a nucleus withZ > 1) due to the larger nuclear charge. Hydrogenic ions are of
interest for precision experiments testing quantum electrodynamics (Silver 2001),
measuring the mass of the electron (Quint 2001), determining the fine structure
constant (Quint 2001), and testing the Standard Model of electroweak interactions
(Zolotorev and Budker 1997), to name a few.



“atomicphysicsproof” — 2003/10/7 — page 19 — #29

HYDROGENIC IONS 19

For hydrogenic ions with nuclear chargeZ, find the scaling withZ of:

(a) the expectation values ofr, 1/r, and1/r3, wherer is the distance of the
electron from the nucleus,

(b) the expectation value of the potential energyV ,

(c) the total energyE,

(d) the probability to find the electron at the origin,|ψ(r = 0)|2,

(e)
∣∣ ∂
∂rψ(r = 0)

∣∣2,

(f) the fine structure energy splitting (see Problem 1.3), and

(g) the hyperfine structure energy splitting due to the magnetic dipole moment of
the nucleus (see Problem 1.4). In this part, neglect the nonsystematic dependence
of the nuclear dipole moments onZ.

Hints

You should not have to use any explicit wavefunctions – just consider the
dimensions of the quantities of interest.

Solution

First, let us consider how the natural length scale of hydrogen, the Bohr radius
a0 = ~2/me2, compares to the natural length scale of a hydrogenic ion. The
Hamiltonian for a hydrogenic ion is

H = − ~
2

2m
∇2 − Ze2

r
. (1.71)

If we replacer with ρ = r/Z in the Hamiltonian (1.71), taking into account that

∇2 → Z2∇2
ρ , (1.72)

we have

H = Z2

(
− ~

2

2m
∇2

ρ −
e2

ρ

)
. (1.73)

Thus the Hamiltonian for a hydrogenic ion can be put into one-to-one correspon-
dence with the Hamiltonian for hydrogen by rescalingr by a factor ofZ−1, so the
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natural length scale for a hydrogenic ion is

a =
a0

Z
. (1.74)

One can also see from Eq. (1.73) that the total energy scales asZ2 compared to
hydrogen, which is the answer to part (c).

(a) As mentioned above,a = a0/Z is the only length scale for the system.
Therefore any quantity with units[length]n must scale asZ−n. Thus, for any
n,

〈rn〉 ∝ Z−n . (1.75)

(b) The potential energy of an electron in a hydrogenic ion is

V (r) = −Ze2

r
, (1.76)

and, based on part (a), sincer−1 ∝ Z, it is clear that

〈V 〉 ∝ Z2 . (1.77)

(c) Although we have already seen from Eq. (1.73) that〈E〉 ∝ Z2, we can also
obtain this result by relating the total energy to the potential energy. According to
thev irial theorem, for two particles interacting via a central, conservative potential
V (r) = Crn, the expectation value of the kinetic energy〈T 〉 is given by

〈T 〉 =
n

2
〈V 〉 . (1.78)

For the electrostatic attraction between the nucleus and the electron,n = −1.
Therefore

〈E〉 = 〈T 〉+ 〈V 〉 =
1
2
〈V 〉 , (1.79)

so we find

〈E〉 ∝ Z2 . (1.80)

(d) Since the hydrogenic wavefunctions are normalized,
∫ ∞

0
|ψ(r)|2 d3r = 1 , (1.81)
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and it is apparent that|ψ(r = 0)|2 has the dimensions[length]−3. Thus

|ψ(r = 0)|2 ∝ Z3 . (1.82)

(e)
∣∣ ∂
∂rψ(r = 0)

∣∣2 has units of[length]−5, so evidently

∣∣∣∣
∂

∂r
ψ(r = 0)

∣∣∣∣
2

∝ Z5 . (1.83)

(f) From the point-of-view of the electron, the nucleus of chargeZ is orbiting
around it with velocityv ≈ Zαc (see Appendix A). Since the electric fieldE due
to the nucleus is

E =
Ze

r2
, (1.84)

the magnetic fieldB due to the relative motion of the electron and nucleus is

B =

∣∣∣∣∣
~v × ~E

c

∣∣∣∣∣ ≈
Z2αe

r2
. (1.85)

This magnetic field interacts with the spin magnetic dipole moment of the electron
to induce an energy shift

∆Ef ≈ µ0B ∝ Z2

r2
. (1.86)

Since the expectation value of1/r2 scales asZ2, the fine-structure splitting scales
as

∆Ef ∝ Z4 . (1.87)

(g) In part (a) of Problem 1.4, we saw that the hyperfine energy splitting∆Ehf for
ans state is∝ |ψ(0)|2, because the hyperfine shift is due to the interaction of the
nuclear dipole moment with the magnetic field generated by the magnetic dipole
moment associated with the electron spin. Using the result of part (d), we see that

∆Ehf ∝ Z3 . (1.88)

We get the same result for higher angular momentum states. Indeed, here one
can view the hyperfine shift as arising from the interaction of the electron mag-
netic dipole moment with the magnetic field due to the nuclear dipole moment
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(the problem can be solved from either perspective). Since the magnetic field of a
dipole falls off as1/r3, according to part (a) of this problem,∆Ehf ∝ 〈r−3〉 ∝ Z3.

Note that the contribution to the hyperfine energy splitting from the nuclear
quadrupole momentQij , which arises from the interaction ofQ with the electric
field from the electronE = e/r2, scales in the same way:

∆Ehf
(Q) = Qij · ∂Ei

∂xj
∼ Q

∂E

∂r
∼ Qe

r3
∝ Z3 . (1.89)

1.6 Geonium

A beautiful and very useful “atomic system” was invented and perfected by Hans
Dehmelt and co-workers (Dehmelt 1989). It consists of a single electron (or
positron) confined inside a Penning trap (Fig. 1.4). Dehmelt called this system
“geonium” (Van Dyck, Jr.et al. 1976), since it is essentially an electron bound to
the Earth. The geonium atom has enabled precise measurements of the electron
and positrong-factors (Van Dyck, Jr.et al. 1987) which, in combination with the
calculations of Kinoshita (1996), constitute one of the best tests of the fundamental
theory of quantum electrodynamics and one of the most accurate determinations
of the fine structure constant.

FIG . 1.4 Schematic picture of a Penning trap. The top and bottom conducting caps are charged

to −Q/2 and the ring is charged to+Q, which generates a quadrupolar electrostatic field. A

strong, homogeneous magnetic field~B0 is applied in thêz-direction. A nickel wire (magnetized

to saturation by~B0) is wrapped around the center of the ring electrode to provide the “bottle

field” used to measure properties of the trapped electron.
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FIG . 1.5 Path of an electron in the midplane of a Penning trap executing magnetron and cyclotron

motion. The path is a superposition of tight orbits associated with the cyclotron motion and an

orbit with larger radius which is the magnetron motion. For illustrative purposes, the ratio of the

period of the cyclotron motion to that of the magnetron motion has been increased by a factor of

∼ 105 compared to that for typical experimental conditions.

The quadrupolar electrostatic field produced by the Penning trap’s electrodes
is described by the scalar potential

Φ = ℵ(
x2 + y2 − 2z2

)
. (1.90)

In addition to the electrostatic field, there is a homogeneous leading magnetic field
~B0 = B0ẑ. These fields can confine an electron to a region near the axis of the trap
for many months! The electron’s motion can be subdivided into axial oscillations
(the electron moves along the symmetry axis of the trap (z), reversing direction
when it comes too close to one of the negatively charged caps) and motion in
thexy-plane (the cyclotron motion and a slow drift referred to as the magnetron
motion).

(a) What is the axial oscillation frequencyωz for motion of the electron alongz
(assume the electron is on-axis,x = y = 0)?

(b) Ignoring the effect of the electric quadrupole field, calculate the cyclotron
frequencyωc with which the electron orbits about the trap axis.

(c) The Hamiltonian for the cyclotron motion can be put in one-to-one correspon-
dence with the Hamiltonian for a one-dimensional simple harmonic oscillator (1D
SHO). Show how this can be done (this was first realized by Landau in 1930, and
the corresponding energy levels are known asLandau levels). Continue to ignore
the electric quadrupole field.
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(d) Consider an electron in the midplane of the trap (z = 0). Including both the
homogeneous,z-directed magnetic fieldB0 and the electric force, calculate the
frequencies of circular motion.

The faster frequency is the shifted cyclotron frequencyω′c and the slow fre-
quencyωm describes themagnetron motion(Fig. 1.5). The magnetron motion is
a specific case of what is generally known as the~E × ~B drift [see, for example,
Jackson (1975)], where a charged particle in a combination of nonparallel mag-
netic and electric fields tends to “drift” in a direction orthogonal to both fields.
Since in the present case, the magnetic field is in theẑ-direction and the electric
field is in the radial direction, the electron drifts in a circular path7 centered about
the trap axis.

It turns out that the magnetron motion can be described using the formalism of
the 1D SHO just like the cyclotron motion, except that as the magnetron quantum
numberq increases, the magnetron energy decreases (Brown and Gabrielse 1986).
This is because the electrostatic potential for an electron in the midplane of the trap
is Φ = ℵ(x2 + y2), which means that the larger the radius of the magnetron orbit,
the lower the energy. Therefore the magnetron motion is unbound, in the sense that
as the electron dissipates energy,q gets larger and larger until the particle collides
with the ring electrode.

(e)For the Penning trap used in Dehmelt’s experiments at the University of Wash-
ington, the axial oscillation frequency wasωz = 2π × 60 MHz. A 5 T (50,000 G)
magnetic field was applied along the trap axis.

Sketch an energy level diagram for geonium with these experimen-
tal parameters. What is the energy difference between the geonium states
|m = +1/2, n, k, q〉 and|m = −1/2, n + 1, k, q〉, wherem is the quantum num-
ber describing the projection of the electron spin alongz, n andq are the cyclotron
and magnetron quantum numbers, andk is the quantum number describing axial
oscillations?

(f) In addition to the fields discussed in the introduction to this problem, a weak
“bottle” magnetic field~Bb is applied to the electron, where

~Bb = −β

[
zxx̂ + zyŷ −

(
z2 − x2 + y2

2

)
ẑ

]
. (1.91)

The bottle field allows measurement of the cyclotron, spin, and magnetron quan-
tum numbers using what is known as the “continuous Stern-Gerlach” technique
(Dehmelt 1989). The inhomogeneous bottle field interacts with the spin and
motion of the electron (the magnetron and cyclotron motions, because they involve
a charged particle moving in a circular orbit, produce magnetic dipole moments

7 Here we have decomposed the motion in thexy-plane into cyclotron and magnetron motion,
both of which are circular.
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which interact with the bottle field). These interactions shift the axial oscillation
frequency, which is measured with a radio-frequency resonant circuit.

In early geonium experiments, the magnetic bottle field was produced by a
nickel wire (magnetized to saturation by~B0) wound about the ring electrode
(Fig. 1.4).

Show that the correction to the axial oscillation frequencyωz due to the spin
orientation, cyclotron motion, and magnetron motion is given by:

δωz ≈
(

m + n +
1
2

+
ωm

ωc
q

)
2µ0β

meωz
. (1.92)

Hints

In part (c), use the fact that the kinetic momentumm~v of an electron in the pres-
ence of a magnetic vector potential~A is related to the canonical momentum~p in the
following way [see, for example, Griffiths (1999) or Landau and Lifshitz (1987)]:

me~v = ~p− e

c
~A , (1.93)

and this is the momentum that enters the kinetic energy term in the Hamiltonian.
For example, choose the vector potential to be

~A = −B0yx̂ , (1.94)

and show that the effective HamiltonianH ′
c describing motion in thexy-plane can

be written

H ′
c =

1
2me

p2
y +

1
2
meω

2
c (y − y0)

2 , (1.95)

wherey0 is a constant.

In part (f), an effective magnetic dipole momentµ can be assigned to the mag-
netron and cyclotron motion by setting the energy of the Landau levels equal to
µB0.

Solution

(a) On the axis of the Penning trap (x = y = 0), there is a restoring force

Fz = e
∂Φ
∂z

= −4eℵz . (1.96)
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The effective spring constant for this simple harmonic motion is4eℵ, so the axial
oscillation frequency is

ωz =
√

4eℵ
me

. (1.97)

(b) The force on the electron due toB0 must balance the centrifugal force in order
to hold the electron in orbit:

meω
2
cr = e

v

c
B0 = e

ωcr

c
B0 , (1.98)

wherer =
√

x2 + y2 is the radius of the electron’s orbit andv = ωcr is the
electron’s velocity. The cyclotron frequency is

ωc =
eB0

mec
. (1.99)

(c) The vector potential~A for the uniform field in thêz-direction can be written,
for example, as:

~A = −B0yx̂ . (1.100)

Using Eq. (1.93), the HamiltonianHc governing the cyclotron motion is

Hc =
1

2me

[(
px − e

c
B0y

)2
+ p2

y + p2
z

]
. (1.101)

Note that the Hamiltonian does not contain the coordinatesx andz, so it commutes
with the momenta in thex andz directions:

[Hc, px] = [Hc, pz] = 0 . (1.102)

Therefore motion in the axial direction can be decoupled from the cyclotron
motion in this case, andpx can be treated as a constant. We can rewrite the effective
HamiltonianH ′

c describing motion in thexy-plane as

H ′
c =

1
2me

p2
y +

1
2
meω

2
c (y − y0)

2 , (1.103)

wherey0 = cpx/(eB0). Therefore the cyclotron motion can be described with the
formalism developed for the 1D simple harmonic oscillator, even though it is a
two-dimensional problem.
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(d) In the midplane of the trap, the force~Fe due to the electric quadrupole field is
radial,

~Fe = e
∂Φ
∂r

r̂ = 2eℵrr̂ =
me

2
ω2

zrr̂ , (1.104)

where we employed Eq. (1.97). This force subtracts from the radial force due to
the magnetic field [Eq. (1.98)],

meω
2r = e

ωr

c
B0 − me

2
ω2

zr . (1.105)

The above relation yields [using Eq. (1.99)] a quadratic equation for the new
frequenciesω of circular motion in the midplane:

ω2 − ωcω +
ω2

z

2
= 0 . (1.106)

We obtain two roots of this equation, giving us the shifted cyclotron frequencyω′c
and the magnetron frequencyωm:

ω′c ≈ ωc − ω2
z

2ωc
(1.107)

and

ωm ≈ ω2
z

2ωc
. (1.108)

These are approximate roots under the assumption thatωc À ωz, as is the case in
the experiment.

(e) From parts (a) and (c) and the statement of part (d), we know that the axial,
cyclotron, and magnetron motions can be described using the formalism of the 1D
SHO. We must also recall that there is an energy splitting between the electron
spin up and spin down states due to the magnetic fieldB0. Therefore, the energy
levels of geonium are specified by four quantum numbers:m, denoting the spin
projection along thez-axis,n, describing the cyclotron motion,k, the axial quan-
tum number, andq, the magnetron quantum number. The spin quantum number
can take on the values±1/2, while n, k, andq can equal0, 1, 2, 3, ...
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The energy of a particular state|n,m, k, q〉 of geonium is given by

Enmkq = geµ0B0m + ~ω′c
(

n +
1
2

)
+ ~ωz

(
k +

1
2

)
− ~ωm

(
q +

1
2

)
,

(1.109)

where ge is the electrong-factor. The values of the energy splittings, for the
experimental conditions listed in the statement of the problem, are

geµ0B0 ≈ 2× 1.4 MHz/G× 50, 000 G = 140 GHz , (1.110)

ω′c
2π

≈ eB0

2πmec
≈ 4.8× 10−10 esu× 50, 000 G

2π × 9.1× 10−28 g × 3× 1010 cm/s
= 140 GHz ,

(1.111)
ωz

2π
= 60 MHz , (1.112)

ωm

2π
=

ω2
z

4πωc
≈ (60 MHz)2

2× 140 GHz
≈ 13 kHz , (1.113)

where we have made use of the fact thatω′c ≈ ωc.
This gives us a basic idea of the energy levels for geonium. It is, of course, no

accident that the frequencies given by Eqs. (1.110) and (1.111) are nearly the same.
Let us take a closer look at the nearly identical splittings between the different spin
states and cyclotron states. Since

µ0 =
e~

2mec
, (1.114)

the difference in energy∆E between the geonium states|m = +1/2, n, k, q〉 and
|m = −1/2, n + 1, k, q〉 is

∆E ≈ (ge − 2)µ0B0 ≈ 164 MHz . (1.115)

Thus, measuring this frequency difference enables a measurement ofge − 2. The
g-factor of the electron differs from 2 by a small amount≈ α/(2π) which can be
accurately calculated using the theory of quantum electrodynamics.

A schematic sketch of the geonium energy levels is shown in Fig. 1.6.

(f) Here we again consider the axial oscillation frequency on-axis (x = y = 0),
now taking into account the bottle field in conjunction with all the various motions.
The HamiltonianH governing the axial motion is given by:

H =
p2

z

2me
− ~µ · ~Bb − eΦ =

p2
z

2me
− µeffβz2 + 2eℵz2 , (1.116)

where µeff is the effective magnetic moment of the electron due to its spin,
cyclotron and magnetron motion (discussed in detail below). Equation (1.116) is
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FIG . 1.6 Geonium energy levels (not to scale). Adapted from Van Dyck, Jr.et al. (1978).

the Hamiltonian for a 1D SHO:

H =
p2

z

2me
+

1
2
meω

′2
z z2 , (1.117)

where the new axial oscillation frequencyω′z is given by:

ω′2z = −2µeffβ

me
+

4eℵ
me

. (1.118)

The second term in Eq. (1.118) is the square of the unperturbed axial oscillation
frequencyωz (1.97), so the axial oscillation frequency in the presence of the bottle
field is given by:

ω′z =
(
−2µeffβ

me
+ ω2

z

)1/2

≈ ωz − µeffβ

meωz
. (1.119)

The correction to the axial oscillation frequency is thus given by

δωz ≈ − µeffβ

meωz
. (1.120)
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Now we need to determineµeff , which is given by:

µeff = µs + µc + µm, (1.121)

whereµs is the spin magnetic moment,µc is the cyclotron magnetic moment, and
µm is the magnetic moment due to magnetron motion. The spin magnetic moment
is:

µs = −geµ0m ≈ −2µ0m . (1.122)

If we assign an energy−µcB0 to each of the Landau levels for the cyclotron
motion, we can associate the cyclotron frequency with a magnetic moment
according to:

~ωc

(
n +

1
2

)
=

e~
mec

(
n +

1
2

)
B0 = −µcB0 , (1.123)

so that

µc = −2µ0

(
n +

1
2

)
. (1.124)

The magnetron motion can be described in the same manner:

µm = −2µ0

(
ωm

ωc

)(
q +

1
2

)
. (1.125)

Employing the above relations in Eq. (1.120), we find:

δωz ≈ 2µ0β

ωzme

(
m + n +

1
2

+ (q + 1/2)
ωm

ωc

)
(1.126)

agreeing with the equation in the statement of the problem, if we neglect the 1/2
associated with the magnetron motion (since under typical experimental conditions
q À 1).

The axial oscillation frequency, therefore, is sensitive to the cyclotron, spin,
and magnetron quantum numbers. Whenever the electron makes a quantum jump
between energy levels, this is observed as a sudden shift inωz. In practice, to
measureωz, an oscillating drive voltage is applied to the caps of the electrode
(Fig. 1.4), and the amplitude of the axial oscillation greatly increases when the
drive frequency hits resonance. This method of detection uses what is known as the
“continuous Stern-Gerlach effect,” since it is analogous to the classic experiment
[see, for example, Griffiths (1995) or Bransden and Joachain (2003)] in which the
trajectories of silver atoms in an atomic beam are perturbed by the interaction of
their dipole moments with a magnetic field gradient.
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A clever technique is employed to measure thege−2 anomaly [discussed in part
(e)]. An inhomogeneous, radio-frequency magnetic field atωrf ≈ 2π × 164 MHz
is applied to the electron. If the inhomogeneous field was dc, then an electron
moving through the field would see a magnetic field oscillating at the cyclotron
frequency. Because the field is oscillating with frequencyωrf, the electron sees (in
its rest frame) sidebands atω = ωc ± ωrf. Thus whenωrf corresponds to the dif-
ference∆E from Eq. (1.115) between the energy level splitting between different
spin orientations and that between different cyclotron levels, spin flips are induced
(sinceω = ωc + ωrf = geµ0B0). The increased rate of spin flips is detected using
the continuous Stern-Gerlach effect. This constitutes a direct measurement of the
ge − 2 anomaly.

1.7 The Thomas-Fermi model (T)

A starting point for precise numerical calculations of atomic energy levels in com-
plex, multi-electron atoms is the theory developed independently by Thomas and
Fermi [see, for example, Bransden and Joachain (2003) or Landau and Lifshitz
(1977)]. The Thomas-Fermi model assumes that the electron cloud is a zero tem-
perature Fermi gas. The central result of this model can be derived by balancing
electrostatic forces with the gradient of pressure (~∇P ) produced as a consequence
of the Pauli exclusion principle:

~∇P (r) = ρ(r)~E(r) = −en(r)
[
−~∇φ(r)

]
, (1.127)

whereρ(r) = −en(r) is the charge density,n(r) is the electron number density,
~E(r) = −~∇φ(r) is the electric field, andφ(r) is the electrostatic potential.

Equation (1.127) is the condition for hydrostatic equilibrium. This means that
in the Thomas-Fermi model, we treat the electron cloud as a fluid, much like the
atmosphere of the Earth, except here electrostatic forces due to the nucleus hold
the fluid in rather than gravity. To describe the electron cloud in this manner, we
assume that the electrons can be treated semiclassically and assume that we may
apply statistical arguments. Such an approach is justified if the atom has a large
number of electrons (N À 1).

(a) Discuss why the conditionN À 1 allows one to use the semiclassical
approximation.

Solution

If N À 1, because of the Pauli exclusion principle, many of the electrons must
occupy states with large radial quantum numbersn. The key requirement for
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employing the semiclassical approximation is that there must be many oscillations
of the wavefunction over the regions of space where the potential changes appre-
ciably. In other words, the deBroglie wavelengthλdB ∼ ~/p must change slowly
with respect to the distance from the nucleus:

∂λdB

∂r
¿ 1 . (1.128)

The typical angular momentum of an electron with radial quantum numbern is
given by

L = rp ∼ n~ , (1.129)

which implies thatλdB ∼ r/n. Therefore, the condition (1.128) requires that

n À 1 , (1.130)

which is true for most electrons ifN À 1.

(b) Calculate the Fermi momentumpF (the momentum of the electron with the
highest energy) for an electron gas in a small volumeV . Use the fact that since
the electron wavefunctions are semiclassical, they can be approximated by plane
waves. Also assume that the number of electrons withinV is large enough that one
can apply statistical arguments.

Solution

The number of electron statesdN with momenta betweenp andp + dp occupying
a small volume V is given by

dN =
1
π2

p2dp

~3
V , (1.131)

where we have taken into account that the number of possible states per unit vol-
ume is doubled for electrons due to their spin (compared to a particle without
spin). The number of available electron states per unit volume (at zero tempera-
ture, this is equal to the electron density since each state is occupied) can be found
by integrating Eq. (1.131) from 0 topF (the Fermi momentum), yielding

N

V
=

1
3π2

p3
F

~3
. (1.132)

From Eq. (1.132), we have

pF = ~
(

3π2N

V

)1/3

. (1.133)

(c) Calculate the total kinetic energyK of the electron gas.
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Solution

The total kinetic energyK can be obtained by multiplyingdN from Eq. (1.131)
by the kinetic energy per electronp2/2m (wherem is the electron mass) and
integrating from 0 topF :

K =
p5

F V

10π2m~3
. (1.134)

Substituting the value ofpF from Eq. (1.133) into our expression for kinetic energy
(1.134) we obtain:

K =
~2

10π2m

(
3π2N

)5/3

V 2/3
. (1.135)

(d) Using the thermodynamic relation for the Fermi pressureP = −dK/dV [valid
at zero temperature, see Reif (1965)], obtain the pressure of the electron gas as a
function of density. The Thomas-Fermi model assumesV is small compared to the
volume of the atom, so thatP is the local pressure at a particular distance from the
nucleus.

Solution

Using the thermodynamic relationP = −dK/dV :

P =
~2

15π2m

(
3π2 N

V

)5/3

, (1.136)

which yields the pressure as a function of electron densityn(r) in the atom

P (r) =
32/3π4/3

5
~2

m
[n(r)]5/3 . (1.137)

(e) Now use Eq. (1.137) in conjunction with Eq. (1.127) to obtain a relationship
between the electrostatic potentialφ(r) and the electron densityn(r).

Solution

Employing Eq. (1.137) in Eq. (1.127) and integrating gives

~2

2m

[
3π2n(r)

]2/3 = e[φ(r)− φ0] , (1.138)
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whereφ0 is a constant of integration. Equation (1.138) is the central result of the
Thomas-Fermi model.

Equation (1.138) can be combined with the Poisson equation,

∇2φ(r) = 4πen(r) , (1.139)

to obtain two independent equations for the two unknown functionsn(r) andφ(r),
and values of these functions for variousr can be obtained numerically, taking
into account the appropriate boundary conditions [see, for example, Bransden and
Joachain (2003), Landau and Lifshitz (1977), or Messiah (1966)].

1.8 Electrons in a shell

In this problem (Budker 1998a), intended to illustrate the basic principles of the
Thomas-Fermi method, we consider the case of a large number of electrons at
zero temperature placed inside a spherical cavity of radiusa with impenetrable
walls. This is like an atom without the nucleus (of course, the walls are necessary
to keep the electrons from flying apart due to the electrostatic repulsion). In the
following problem we ignore all numerical factors, such as4π, in order to simplify
expressions and concentrate on the scaling of various effects. Assumea À a0,
wherea0 = ~2/(me2) is the Bohr radius. Note that under the stated conditions,
the Thomas-Fermi model (Problem 1.7) is applicable.

(a) Argue that the electrons collect in a thin shell of thicknessδ at the edge of the
spherical cavity. Determine the scaling ofδ with respect to the number of electrons
N and radius of the cavitya.

(b) For whatN does the assumption that the electrons are nonrelativistic break
down?

(c) What is the lower bound onN for which the assumptions of the Thomas-Fermi
model are satisfied? Estimateδ for the case of lowN .

Hint

For part (a), suppose that the shell contains half the electrons in the cavity.

Solution

(a) The boundary conditions in this problem are, of course, quite different from
those for an atom: here there is no positively charged nucleus at the center and
there is an infinitely high potential barrier atr = a. Choosing the electrostatic
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FIG . 1.7 Electrons collect in a shell of thicknessδ near the wall.

potential as, for example,φ = 0 at the boundary, the functionsφ(r) andn(r) can
be obtained by numerical integration of the Thomas-Fermi equation.

However, without resorting to detailed calculations, we can obtain a general
idea of the spatial distribution of the electrons in the cavity. Consider a shell of
thicknessδ bounded by the wall of the cavity containing half of the electrons (we
will see thatδ ¿ a). The Coulomb repulsion from the other electrons tends to
compress the shell as a whole, pushing the shell toward the wall. We define the
Coulomb pressurePC as the repulsion force (∼ N2e2/a2) per unit surface area of
the shell:

PC ∼ N2e2

a4
. (1.140)

In equilibrium, this Coulomb pressure is balanced by the Fermi pressureP from
Eq. (1.136) in Problem 1.7,

P ∼ ~2

m

(
N

a2δ

)5/3

, (1.141)

where we have substitutedV ∼ a2δ. SettingP = PC , we find that

δ ∼ a2/5a
3/5
0

N1/5
. (1.142)

As can be seen from Eq. (1.142),δ ¿ a, so indeed the electrons collect in
a thin shell at the edge of the cavity. It is particularly interesting to note that the
thickness of the shell decreases as more electrons are placed in the cavity.

(b) The assumption that the electrons are nonrelativistic will break down when
the Fermi momentumpF becomes of ordermc. By substituting Eq. (1.142) into
the expression forpF [Eq. (1.133)], and supposing that the volume of the shell is
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∼ a2δ we obtain an expression for the Fermi momentum in terms ofN :

pF ∼ ~ N2/5

a4/5a
1/5
0

. (1.143)

SettingpF = mc, we find that the critical number of electronsN∗ for which the
nonrelativistic approximation breaks down is

N∗ ∼
(

a2

a2
0

)
α−5/2 , (1.144)

whereα = e2/~c is the fine structure constant.

(c) In order to see at which values ofN the semiclassical approximation is valid,
suppose that we gradually increase the number of electrons inside the cavity. At
low densities, all electrons occupy the lowest radial state, which means that the
semiclassical approximation is invalid (Problem 1.7). Therefore, for low densities,
most of the kinetic energy of the electrons is due to radial motion.

In this regime, we can estimate the thickness of the shell containing the elec-
tronsδ by finding the minimum of the total energyE = K + U , whereK is the
kinetic energy andU is the potential energy due to the Coulomb repulsion between
the electrons. For theδ where the energy is minimized,

∂K

∂δ
+

∂U

∂δ
= 0 . (1.145)

Based on the Heisenberg uncertainty relation:

∆prδ ∼ ~ , (1.146)

where∆pr is the uncertainty in the radial component of the electron momentum.
This tells us that the kinetic energy of radial motion, which as noted above is the
dominant contribution toK, is

N(∆pr)2/m ∼ N~2

mδ2
∼ K , (1.147)

so

∂K

∂δ
∼ −N~2

mδ3
. (1.148)

The Coulomb energy of the shell can be estimated from the work required to move
the electrons in from the edge of the cavity by∼ δ:

U ∼ N2e2

a2
δ , (1.149)
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from which we find

∂U

∂δ
∼ N2e2

a2
. (1.150)

From Eqs. (1.146), (1.148), and (1.150) it follows that

δ ∼ a2/3a
1/3
0

N1/3
, (1.151)

which can be compared to Eq. (1.142).
In order to satisfy the Pauli principle, states of different angular momenta

l are excited as the number of electrons in the cavity is increased. Setting the
total number of electron states equal to the number of particlesN , we have [see
Eq. (1.25)]:

N =
L∑

l=0

(2l + 1) ∼ L2 , (1.152)

whereL is the highest value ofl which is excited.
As we keep increasingN , at some point the kinetic energy due to the orbital

motion of electrons with angular momentumL becomes equal to the kinetic energy
of radial motion:

~2L2

ma2
∼ ~2

mδ2
. (1.153)

At higher values ofN , it is energetically favorable to excite higher radial modes,
corresponding to the transition to the Thomas-Fermi regime discussed in part (a).
From Eqs. (1.152), (1.151), and (1.153), we obtain the lower boundN∗∗ on the
value ofN for which the Thomas-Fermi considerations apply:

N∗∗ ∼ a2

a2
0

. (1.154)

It is curious to note that this corresponds to a surface density of about one electron
per Bohr radius squared.

The situation analyzed in this problem is difficult to realize experimentally
because all materials are made of atoms, and so the impenetrable wall is unrealis-
tic. However, such a situation could arise with quasiparticles in condensed matter
physics.
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1.9 Isotope shifts and the King plot

In atomic spectra, there appear small shifts of the transition energies for different
isotopes. Suchisotope shiftsarise due to differences between the masses and the
volumes of the nuclei. A commonly used method to separate experimentally mea-
sured isotope shifts into mass and volume (or field) shift contributions is based on
the so-called King plot (King 1963).

Consider two spectral linesA andB. Due to the isotope shifts, the resonance
frequencies are slightly different for each of the isotopes. For pairs of isotopes,
where the difference in neutron number∆N is always the same8 and∆N is much
smaller than the atomic mass, one can assume that

• the isotope shift due to the finite nuclear volume can be expressed as a prod-
uct of an electronic factorE (different for linesA andB, but the same for
each isotope pair in a given spectral line) times a nuclear volume factorV
(different for each pair of isotopes, but independent of which line is used),
and

• the mass effectsM are the same, in any one line, for all pairs of isotopes.9

From these assumptions, it follows that if one makes a plot in which the isotope
shifts for isotope pairs in lineB are plotted against the isotope shifts for the same
isotope pairs in lineA, the points will fall on a straight line.

An example of original isotope shift data (Brandet al. 1978) is shown in
Table 1.2. In this experiment, isotope shifts were measured in a number of spec-
tral lines of samarium using laser spectroscopy and an atomic beam. The laser
and atomic beams intersected at right angles, and laser-induced fluorescence
was detected in a third orthogonal direction. This setup minimizes the Doppler
broadening (see, for example, Problem 3.6) of the spectral lines.

(a) Derive expressions for the slope and intercept of this line in terms ofEA, EB,
MA, andMB.

(b) Using the data in Table 1.2, make a King plot with the 598.97 nm7F0 → 7D1

transition as lineA and the 562.18 nm7F1 → 7H2 transition as lineB.

(c) The mass shift termM consists of two contributions:

M = M (nms) + M (sms) , (1.155)

where the abbreviations stand fornormal mass shift(nms) andspecific(or anoma-
lous)mass shift(sms). The former is due to the fact that all atomic energy intervals

8 If the difference in neutron number is not the same, we can always normalize the isotope shifts
to, for example,∆N = 1 or 2.

9 To be exact, the variation of the mass shift with nuclear mass should be considered. Since here
we assume that∆N is much smaller than the atomic mass, this can be done by introducing a small
correction factor which can be ignored for the purpose of this problem.
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TABLE 1.2 Isotope shifts (IS) for various pairs of Sm isotopes for the 562.18 nm7F1 → 7H2 transi-

tion and the 598.97 nm7F0 → 7D1 transition. Data from Brandet al.(1978). The table indicates

the difference in the measured transition frequencies, for example, the resonance frequency for

the 562.18 nm line was3093.6(16) MHz higher for144Sm than for148Sm.

Isotope pair IS (MHz) for 562.18 nm IS (MHz) for 598.97 nm∆N

(144,148) 3093.6(16) -2794.4(17) 4

(148,150) 1938.3(15) -1641.2(13) 2

(150,152) 2961.0(15) -2308.0(19) 2

(152,154) 1362.3(11) -1242.4(17) 2

(147,148) 970.4(7) -826.0(4) 1

(148,149) 473.3(4) -493.8(4) 1

are proportional to the reduced mass rather than just the electron mass. The latter is
due to the correlation between momenta of various electrons. One can think of the
specific mass shift as arising from the formation of multi-electron “quasiparticles”
which move about the nucleus (King 1984).

Using the empirical information that the sms contribution in the 598.97 nm
7F0 → 7D1 transition is negligible, evaluate the mass shift for the 562.18 nm
7F1 → 7H2 transition. Compare its magnitude and sign to the expected normal
mass shift.

Solution

(a) We let the isotope shifts for lineA be the independent variablex and the isotope
shifts for lineB be the dependent variabley. Based on the assumptions stated in
the problem, we have for the isotope shifts:

x = EAVi + MA , (1.156)

y = EBVi + MB , (1.157)

wherei is the label for the isotope pair. Using Eq. (1.156), we can writeVi in terms
of x, EA, andMA,

Vi =
1

EA
x− MA

EA
. (1.158)
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FIG . 1.8 King plot for samarium transitions listed in Table 1.2.

Substituting this expression into the equation fory (1.157) yields

y =
EB

EA
x + MB − EB

EA
MA . (1.159)

(b) Making sure to divide all isotope shifts by the difference in neutron number
∆N for the given pair (see Table 1.2), we obtain the King plot shown in Fig. 1.8.
We see that the points indeed fall on a straight line.

(c) We begin by estimating the normal mass shift. For a single-electron atom, the
finite mass of the nucleus can be taken into account by using the solution for an
infinitely heavy nucleus and replacing the electron mass with the reduced mass
µred:

µred =
mMNA

m + MNA
, (1.160)

whereMN is the nucleon mass andA is the atomic mass number. Since energies
of all atomic levels are proportional to this mass, a transition corresponding to an
isotope with mass numberA is shifted compared to that of a (fictitious) isotope
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with infinite nuclear mass by:

∆ω =
ω0

m
(µred−m) = ω0

(
MNA

m + MNA
− 1

)

≈ − m

MNA
ω0 . (1.161)

Transitions corresponding to isotopesA andA + ∆N are shifted by

∆ω′ = ω0

(
− m

MNA + MN∆N
+

m

MNA

)

≈ ω0
m∆N

MNA2
, (1.162)

where we have made use of the fact that∆N ¿ A. For the optical transitions
near 600 nm considered here, with∆N = 1 as in our King plot (Fig. 1.8), this
corresponds to

∆ω′ ≈ 5× 1014 Hz
1

1836× 1502
≈ 12 MHz . (1.163)

The mass shift for the 598.97 nm transition,MA in our case, is given by

MA = M
(nms)
A + M

(sms)
A . (1.164)

We have shown thatM (nms)
A ≈ 12 MHz, while it is known empirically thatM (sms)

A
is negligible. From they-intercept on the King plot and Eq. (1.159), we find that
the quantityMB− (EB/EA)MA ≈ −280 MHz. The slope of the King plot shows
that(EB/EA) ≈ −1.5, so we obtain a mass shift of≈ −300 MHz for the 562.18
nm transition, which is larger in magnitude and of opposite sign compared to the
normal mass shift. Such large and originally unexpected specific mass shift contri-
butions are often found in the rare earth elements when the number off -electrons
is different in the upper and lower states (the 562.18 nm transition is nominally
between electron configurations4f66s2 and4f55d6s2).

1.10 Crude model of a negative ion

Singly charged negative ions (K = 1) are very common (Massey 1976), and sev-
eral doubly charged (K = 2) negative ions of atoms [see Massey (1976), Chapter
5.8] and clusters (Vandenboschet al. 1997) have been observed as well. It is not
entirely obvious that such systems should be bound – one might expect that the
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Coulomb repulsion between an extra electron and the originalZ electrons could
overwhelm the attraction of the extra electron to the nucleus. Here we construct a
crude model to see that such a conclusion need not be correct.

Using an electrostatic analogy, explain why it is possible to have bound states
of a positive nucleus of charge+Z with an electron cloud of charge−(Z + K),
K > 0.

Hint

As a very crude model of an atom, consider electrons as a conducting shell,
and neglect theexchange interactionbetween electrons (see Problem 1.2). The
exchange interaction is actually of great importance in many cases – nonetheless,
this simple model illustrates the basic physical principle behind the existence of
negative ions.

Solution

Let us formulate the following electrostatics problem. Consider a thin spherical
conducting shell which is charged to total chargeQ. Suppose the sphere is cut into
two parts. Since each of the two resulting parts carries a charge of the same sign,
the two parts will tend to fly apart. What is the charge that one needs to put in the
center of the sphere in order to keep the two parts together?

In order to answer this question, we use the following facts from electrostatics:

• The pressure produced by an electric fieldE is−E2/8π.
• The electric field inside a conductor is zero.

FIG . 1.9 ChargeQ∗ can hold together the parts of a conducting sphere carrying chargeQ.
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• The electric field from a uniformly charged spherical shell is zero inside the
shell, and outside the shell, it is just as if all charge was in the center of the
sphere.

If there is no charge in the center, there is no field inside the sphere, and the two
parts are “sucked” apart by the negative pressure of the field outside. All we need
to do to compensate for the negative outside pressure is put a charge (call itQ∗) in
the center such that the magnitude of the field inside the shell (near its surface) is
the same as outside. The field inside isQ∗/R2 (R is the shell radius, which will,
of course, cancel). Outside, the field is(Q + Q∗)/R2. If we want to match the
magnitudes of the fields inside and outside the shell, we need to have:

Q∗ = −(Q + Q∗) ⇒ Q∗ = −Q/2. (1.165)

Any charge of sign opposite to that ofQ and magnitude larger than|Q|/2,
placed in the center, will hold the system together.

1.11 Hyperfine-interaction-induced mixing of states of dif-
ferent J

Two atomic fine structure levels in a multi-electron atom,2P3/2 and 2P1/2, are
separated by an energy gap∆E. The nuclear spin of the system isI = 1/2.

Determine the admixture of the2P3/2, F = 1 state in the state that is nominally
2P1/2, F = 1 if the energy separation between the2P3/2, F = 2 and2P3/2, F =
1 hyperfine states is∆Ehf ¿ ∆E. Assume that the hyperfine interactions are
dominated by the Hamiltonian term10

Hhf = a~I · ~S . (1.166)

Hyperfine-interaction-induced mixing of states with differentJ is important,
for example, for understanding hyperfine structure splittings in situations where
the fine structure intervals are relatively small. This occurs for certain excited states
in He and He-like atoms [Bethe and Salpeter (1977), Section 44]. Another example

10 In general, the expression for the hyperfine Hamiltonian describing the interaction of the
magnetic moment of the nucleus with a single atomic electron is (Sobelman 1992, Section 6.2.2)

Hhf = al
~l · ~I − al[~s− 3(~s · r̂)r̂] · ~I ,

wherer̂ is a unit vector along~r andal is a constant proportional to〈r−3〉. For multi-electron atoms,
the general expression for the hyperfine splitting is composed of two parts, one proportional to~I · ~S

and another proportional to~I · ~L. The relative importance of the two parts depends on the particular
configuration. For example, in a two-electron atom where one electron is in the ground state and the
other is in an excited state withl ≥ 1, the term proportional to~I · ~S dominates (Bethe and Salpeter
1977).
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FIG . 1.10 Energy level diagram for two atomic fine structure levels,2P3/2 and 2P1/2, with

hyperfine splitting. Nuclear spin isI = 1/2.

is hyperfine-interaction-induced transitions between two levels of nominalJ = 0
[see, for example, Fischeret al. (1997), Section 9.12, and Birkettet al. (1993)].

Hint

Note that the Hamiltonian describing the hyperfine interaction does not mix states
of differentF or MF . This is becauseHhf is a scalar operator (see Appendix F).

Solution

First we neglect the mixing of states with differentJ and relate∆Ehf to the coeffi-
cienta appearing in Eq. (1.166). Note that the2P3/2, F = 2 state corresponds to a

maximum possible projection of the vectors~L, ~S and~I onto each other. Therefore,
the expectation value of~I · ~S in this state is simply〈~I · ~S〉 = 1/4.

Even though the hyperfine splitting is dominated by the terma~I · ~S in this
problem, it is still the case that we can write, according to the usual formulae for
hyperfine structure,

EF =
A

2
[F (F + 1)− J(J + 1)− I(I + 1)] , (1.167)

∆Ehf = EF − EF−1 = AF , (1.168)

whereA is the hyperfine structure constant andEF represent hyperfine energy
shifts. This is because both~S and ~L are vector operators (see Appendix F), so
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〈~S〉 ∝ 〈 ~J〉 and〈~L〉 ∝ 〈 ~J〉, and we may write

EF = 〈Hhf〉 = A〈~I · ~J〉 , (1.169)

from which we obtain the formulae (1.167) and (1.168). In our case (J = 3/2,
I = 1/2, F = 2, 1), so these formulae yield:

A = ∆Ehf/2 , (1.170)

EF=2 =
3
8
∆Ehf . (1.171)

Now we use the fact that the dominant contribution to the hyperfine splitting comes
from a~I · ~S to write

EF=2 ≈ a〈~I · ~S〉 , (1.172)

which gives us

a ≈ 3
2
∆Ehf . (1.173)

Now we evaluate the hyperfine interaction matrix element between theF = 1
states. As mentioned above, the interaction (1.166) can only mix states with the
same value ofF andMF . We perform explicit calculations forMF = 1; however,
the result must not depend onMF due to isotropy of space. We need to express
the states in the|L,ML〉|MS〉|MI〉 basis. We do this by first expanding into the
|J,MJ〉|MI〉 basis (using the Clebsch-Gordan coefficients):

| 2P3/2, F = 1,MF = 1〉 =
√

3
2
|3/2, 3/2〉|−〉I −

1
2
|3/2, 1/2〉|+〉I , (1.174)

| 2P1/2, F = 1,MF = 1〉 = |1/2, 1/2〉|+〉I . (1.175)

Next, we expand into the|L,ML〉|MS〉|MI〉 basis:

| 2P3/2, F = 1,MF = 1〉 =
√

3
2
|1, 1〉|+〉S |−〉I −

1
2
√

3
|1, 1〉|−〉S |+〉I

− 1√
6
|1, 0〉|+〉S |+〉I ,

(1.176)

| 2P1/2, F = 1,MF = 1〉 =

√
2
3
|1, 1〉|−〉S |+〉I −

1√
3
|1, 0〉|+〉S |+〉I . (1.177)

Next, we explicitly evaluate the matrix element of~I · ~S between the states
(1.176) and (1.177). One way to perform this calculation is to express~I · ~S in
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terms of the raising and lowering operators for the angular momenta~I and~S [see,
for example, Griffiths (1995)]:

I± = Ix ± iIy , (1.178)

S± = Sx ± iSy , (1.179)

for which

I±|I,MI〉 =
√

I(I + 1)−MI(MI ± 1) |I, MI ± 1〉 , (1.180)

S±|S, MS〉 =
√

S(S + 1)−MS(MS ± 1) |S, MS ± 1〉 . (1.181)

Using Eqs. (1.178) and (1.179), we find that

~I · ~S = IxSx + IySy + IzSz =
1
2
(I+S− + I−S+) + IzSz . (1.182)

Employing the expressions for the atomic states in terms of the
|L,ML〉|MS〉|MI〉 basis [Eqs. (1.176) and (1.177)] along with the relations
(1.180) – (1.182), we obtain

〈2P3/2, F = 1, MF = 1|a~I · ~S| 2P1/2, F = 1,MF = 1〉 =
2
3

a√
2

, (1.183)

=
∆Ehf√

2
. (1.184)

Finally, we determine the mixed eigenstate|2̃P1/2, F = 1〉 from first-order
perturbation theory:

|2̃P1/2, F = 1〉 ≈ | 2P1/2, F = 1〉+
1√
2

∆Ehf

∆E
| 2P3/2, F = 1〉 . (1.185)

We see that, up to a numerical coefficient, the amplitude for the mixing of states
with differentJ is given by the ratio of the hyperfine-structure interval to the fine-
structure interval.

1.12 Electron density inside the nucleus (T)

A number of phenomena in atomic physics depend on the electron density inside
the nucleus – for example, hyperfine structure (see Problems 1.4 and 1.5), isotope
shifts (Problem 1.9), and parity nonconservation (Problem 1.13). In this problem,
we determine the scaling withZ of the electron density inside the nucleus (r ≈
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0) for s- and p-wave valence electrons in heavy, neutral, multi-electron atoms.
This result was first derived by Fermi and Segrè (1933), and the discussion below
roughly follows that of Landau and Lifshitz (1977) and Khriplovich (1991).

(a) We begin by considering the properties of a valence electron.
Argue that a single valence electron in a heavy, multi-electron atom is found

primarily at distances& a0 from the nucleus. Also note that the core electrons are
found at distances. a0.

Solution

Let us imagine that we build up the multi-electron atom by starting with a bare
nucleus and adding one electron at a time. The first electron added will create a
hydrogenic ion, and so the electron’s average distance〈r〉 from the nucleus will
be≈ a0/Z as discussed in Problem 1.5. As we continue to add electrons, because
the nucleus is shielded by the electrons already in place, each successive electron
added is more weakly bound than the previous. According to this simple picture,
we conclude that〈r〉 has a larger value for the valence electron than for any of the
other (core) electrons, i.e., the valence electron is indeed the “outer” electron.11

Just before the final, valence electron is added, we have a nucleus of charge+Ze
surrounded by an approximately spherical distribution ofZ − 1 core electrons –
from a large distance, this looks just like the nucleus of a hydrogen atom. Therefore
we expect the valence electron to orbit at a distance∼ a0 from the nucleus.

Also, we can draw from our knowledge of chemical bonds and radii of different
atoms to note that there is not a significant change in atomic radii as a function of
Z and bond lengths are usually a few Bohr radii. Since it is the valence electrons
that determine the chemical properties of an element and define the radius of the
atom, we can say from these empirical facts that the valence electron spends most
of its time at distances& a0.

This conclusion can also be arrived at using the Thomas-Fermi model (Prob-
lem 1.7).

(b) Based on part (a), what can one say about the wavefunction of the valence
s-wave electron in the region& a0 from the nucleus?

11 When there are multiple valence electrons, this argument does not necessarily hold for some of
the electrons. For instance, in the complicated valence shells of the transition metals and rare earth
atoms, valenced andf electrons are actually held more tightly to the nucleus than the valences-
wave electrons. This is the reason that the chemical properties of the rare earths are all rather similar
(determined predominantly by the valences-wave electrons).
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Solution

We have learned that a valence electron spends most of its time beyonda0 and
most core electrons are at distances< a0. The core electrons screen the nuclear
charge in the regionr & a0, so the wavefunction for a valences electron beyond
a0 is similar to that for the hydrogen1s state (since the nucleus plus core electrons
in this range “appears” to be a nucleus with charge+e):

ψs(r) ≈ Ce−r/a0 , (1.186)

whereC is a constant approximately independent ofZ. TheZ-independence ofC
follows from the fact that

4π

∫ ∞

0
|ψs(r)|2 r2dr ∼ πC2a3

0 ∼ 1 . (1.187)

Although we will see that there is some nonzero probability for an electron
to be found near the nucleus, because the valence electron is found predomi-
nantly at distances& a0 from the nucleus, equation (1.187) is generally a good
approximation.

(c) Now we consider the region close to the nucleus. At what distance from the
nucleus is the nuclear charge completely unscreened by core electrons? What is
the form of the valences electron wavefunction in this region?

Solution

We know that the radius of a hydrogenic ion isa0/Z (see Problem 1.5), and addi-
tional electrons will have higher energy and therefore be& a0/Z away from the
nucleus, so for

r . a0

Z
(1.188)

we can regard the nucleus as completely unscreened.12 In this region,

ψs(r) = Ae−Zr/a0 , (1.189)

where the constantA hasZ dependence which will be determined later.

12 In fact, the Thomas-Fermi model shows that nuclear screening is already negligible forr ¿
a0Z

−1/3, a much larger radius, but Eq. (1.188) is sufficient for our purposes.
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(d) In between these two regions, show that the electron is quasiclassical (satis-
fying the conditions for application of the WKB approximation13), and determine
the form of the wavefunction in this region in terms ofr and the momentum of the
electronp.

Solution

In order to satisfy the assumptions of the WKB approximation, the wavefunction
must oscillate many times within a distance where the potential energy changes
significantly. This means that the deBroglie wavelength of the electron,

λdB = 2π
~
p

, (1.190)

must change slowly with respect to the distance from the nucleus:

∂λdB

∂r
¿ 1 . (1.191)

The WKB approximation does not apply for

r & a0 , (1.192)

since in this region the electron wavefunction does not oscillate.
In the regionr ¿ a0, the nuclear charge is not well screened by the core

electrons, so we may crudely estimate that the effective nuclear chargeZeff(r) ∼
Z. Since the total energy of the valence electron is rather small (∼ 1 eV), we
estimate that the kinetic energy of the electron in this region is about equal to
Ze2/r. Employing the classical approximation for the momentum of the electron
in this region

p(r) ∼
√

mZe2

r
. (1.193)

Thus the deBroglie wavelength satisfies

λdB(r) ∼
√

ra0

Z
, (1.194)

so that

∂λdB

∂r
∼

√
a0

Zr
. (1.195)

13 This approximation is named for Wentzel, Kramers, and Brillouin, who were the first to apply
the method of “short wavelength asymptotics,” commonly used in optics, to quantum mechanics
[see, for example, Griffiths (1995), Bransden and Joachain (1989), or Landau and Lifshitz (1977)].
The method can, in fact, be applied to any wave system.
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Comparing expressions (1.191) and (1.195), and noting again that the WKB
approximation does not apply forr & a0 (1.192), we see that the condition for
application of the WKB approximation (1.191) is satisfied as long as

a0

Z
¿ r . a0 . (1.196)

What does this quasiclassical wavefunction look like? If we introduce a radial
functionu(r) such that

ψs(r) =
u(r)

r
, (1.197)

the radial part of the three-dimensional Schrödinger equation reads

d2u

dr2
+

2m

~2
[E − V eff]u(r) = 0 , (1.198)

which is just the one-dimensional Schrödinger equation. The quasiclassical
solutions for the 1D case have the form [Griffiths (1995), for example]

u(r) ≈ B√
p
e±(i/~)

∫
p(r)dr , (1.199)

whereB is a constant. For this problem, we are not interested in the phase factor,
so we say that in the quasiclassical region

ψs(r) ∼ B

r
√

p
. (1.200)

(e)Using the results above, determine the scaling of|ψs(0)|2 with Z.

Solution

To determine theZ-scaling of |ψs(0)|2, we patch the three solutions forψs(r)
obtained in parts (b), (c), and (d) together. Atr ∼ a0, from Eqs. (1.186) and
(1.200), we have

B

a0
√

αmc
∼ Ce−1 . (1.201)

SinceC is independent ofZ, B must also be independent ofZ.
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At r ∼ a0/Z, we have

ZB

a0

√
Zαmc

∼ Ae−1 , (1.202)

where we made use of the fact thatp ∼ Zαmc (the momentum for a hydrogenic
ion) nearr ∼ a0/Z. Equation (1.202) means thatA ∝ √

Z, and consequently,

|ψs(0)|2 ≈ Z

a3
0

. (1.203)

(f) Use similar reasoning to obtain the approximate form ofψp(~r) close to the
nucleus.

Solution

For thep-state, we can apply similar reasoning to that employed in finding the
wavefunction for thes-state. Ignoring angular factors and keeping only terms up
to O(r) (since we are interested in the behavior of the wavefunction atr ≈ 0), we
see that thep wavefunction should behave as

ψp(r) ∼ Cp
r

a0
e−r/a0 r & a0 , (1.204)

∼ Bp

r
√

p

a0

Z
. r . a0 , (1.205)

∼ Ap
r

a0
e−Zr/a0 r . a0

Z
. (1.206)

As for thes-state [part (b) of this problem], because of the shielding of the nuclear
charge by the core electrons, we expectCp to be approximately independent of
Z. Matching the solutions forψp(r) at r ∼ a0 shows that the constantBp is also
independent ofZ. Matching the solutions forψp(r) at r ∼ a0/Z requires that

Ap ∼
(

Z

a0

)3/2

. (1.207)

Thus, forr ¿ a0/Z,

ψp(r) ∼
(

Z

a0

)3/2 r

a0
e−Zr/a0 . (1.208)
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1.13 Parity nonconservation in atoms

Before the mid-1950s, physicists believed that the laws of Nature were invari-
ant with respect tospatial inversion(also known as the parity (P) transformation,
which reverses the directions of all three spatial axes). Spatial inversion changes
the handednessof an object or a process (a term stemming from the fact that P
turns a glove for the left hand into a glove for the right hand). Spatial inversion is
an example of adiscretetransformation, as opposed to a continuous transforma-
tion (for example, a finite rotation can be thought of as a succession of infinitely
small rotations).

In 1956, the belief in P-invariance was shattered by a series of experiments,
where violation of this symmetry at a∼ 100% level was discovered inweak-
interaction-inducednuclear decays [see, for example, Trigg (1975), chapter 10].

When Glashow (1961), Weinberg (1967), and Salam (1968) developed what
came to be known as the Standard Model of electroweak interactions, they pre-
dicted the existence of a neutral weak interaction mediated by a particle called the
Z0 boson. Even before the advent of the Standard Model, Zel’dovich (1959) had
noted that if there were a parity-violating electron-nucleon weak neutral-current
interaction, it would interfere with the regular electromagnetic interaction in an
atom. Zel’dovich’s estimate for the size of this effect, however, indicated that it
would be too small to measure with experimental techniques available at that time.

Later, motivated by the new developments in weak interaction theory and the
tremendous advances in laser spectroscopy, Bouchiat and Bouchiat (1974) rean-
alyzed the possibility of searching for parity nonconservation (PNC) in atomic
systems. They found that in fact the effects were considerably enhanced in heavy
atoms, and according to the predictions of the Standard Model, should be observ-
able. Based on this new analysis, many groups throughout the world began
extensive experimental efforts to search for PNC effects in atoms.

The first experiments to observe PNC effects in atoms were carried out by
Barkov and Zolotorev (1978) in Novisibirsk using the technique ofoptical rotation
in bismuth and by Commins and co-workers (Contiet al.1979) at Berkeley using
the Stark-interference method(see Problem 4.5) in thallium. These experiments
provided crucial evidence that helped establish the existence of the neutral weak
current and were the first indications of the parity-violating nature of the neutral
weak interaction.

At present, atomic PNC experiments continue to serve as stringent tests of
the fundamental theory of electroweak interactions and as sensitive probes for
new physics (Khriplovich 1991; Bouchiat and Bouchiat 1997; Budker 1998b).
The most precise measurement of PNC effects in an atomic system to date was
performed in Boulder by Wieman and collaborators (Woodet al. 1997), using
the Stark-interference technique with cesium. This experiment also was the first
to definitively observe nuclear-spin-dependent PNC effects, primarily due to the
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nuclear anapole moment (discussed in detail in Problem 1.15). In this problem we
restrict our considerations to nuclear-spin-independent PNC effects.

(a) In the nonrelativistic approximation and the limit of infiniteZ0 mass, the
HamiltonianHw describing the weak interaction between the nucleus and a single
electron is given by (Bouchiat and Bouchiat 1974):

Hw =
GF√

2
1

2mc~
Qw~s · [~pδ3(~r) + δ3(~r)~p

]
, (1.209)

where we have ignored nuclear spin-dependent effects and

GF ≈ 3× 10−12mc2

(
~

mc

)3

(1.210)

is Fermi’s constant,~s is the electron spin,~p is the electron momentum, and

Qw = −N + (1− 4 sin2 θw)Z (1.211)

is the dimensionlessweak nuclear charge(N is the number of neutrons and
sin2 θw ≈ 0.23 whereθw is the Weinberg mixing angle).

Show thatHw violates parity.

(b) From the mass of theZ0 (mZ ≈ 92.6 GeV/c2), estimate the range of the
neutral weak interaction.

(c) Consider the mixing of the opposite parity states|ns1/2〉 and |n′p1/2〉 (these
are single-particle states for the valence electron), wheren, n′ are the principal
quantum numbers. Show that the mixing is enhanced in heavy atoms by a factor
proportional toZ3.

(d) What is the significance of the fact that the matrix element〈n′p1/2|Hw|ns1/2〉
is imaginary?

(e) Calculate the PNC-induced mixing between the2S1/2 and 2P1/2 states in
hydrogen. Recall that the states are split in energy only by the Lamb shift
(∆E ≈ 1058 MHz).

(f) Based on the calculation in part (e) for hydrogen, estimate the order of
magnitude of the PNC-induced mixing between the6s1/2 and6p1/2 states in Cs.

Hints

In part (d), consider the fact that althoughHw violates parity it does respect time-
reversal invariance (T). In particular, consider the application of an electric field
to a state that is not an eigenstate of parity, and show that if the matrix element
〈n′p1/2|Hw|ns1/2〉 is not purely imaginary the system is T-violating.
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Solution

(a) To prove thatHw violates parity, it is sufficient to show that it does not com-
mute with the parity operatorP . If [Hw, P ] 6= 0, then the energy eigenstates of
the atomic system are not in general also be eigenstates of the parity operator. In
this case, a state with definite parity must be a superposition of different energy
eigenstates. Therefore, if the system is left to evolve in time, the parity of the state
will change – i.e., parity is not conserved.

How doesHw transform under the action ofP? BecauseHw ∝ ~s · ~p, and~s,
like orbital angular momentum, is an axial vector (pseudovector) which does not
change sign underP while ~p is a polar vector which does change sign:

P †HwP = −Hw . (1.212)

OperatingP on both sides of Eq. (1.212), we find that

HwP = −PHw , (1.213)

soHw andP anticommute, which means that

[Hw, P ] = HwP − PHw = 2HwP 6= 0 . (1.214)

(b) In order for aZ0 to be exchanged between an electron and the nucleus, it must
occur on a time scale sufficiently short so as not to violate energy conservation.
According to the Heisenberg uncertainty relation,

∆E∆t ∼ ~ . (1.215)

Thus the rangeR of the neutral weak force is

R ∼ c∆t ∼ ~c
∆E

. (1.216)

We let∆E be the minimum energy required for the creation of aZ0, mZc2. Then

R ∼ ~c
mZc2

∼ 197.3 MeV · fm
92.6× 103 MeV

∼ 2× 10−3 fm . (1.217)

TreatingHw as a point-like interaction is a very good approximation in atomic
physics.

(c) To first order in time-independent perturbation theory, the weak Hamiltonian
admixes some of the|n′p〉 state into an|ns〉 state according to

|ñs1/2〉 = |ns1/2〉+
〈n′p1/2|Hw|ns1/2〉

∆E
|n′p1/2〉 , (1.218)

where∆E = Es−Ep is the energy separation between the states (whereEs is the
energy of|ns1/2〉 andEp is the energy of|n′p1/2〉). Because, as discussed in part
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(b), the interaction is point-like, the mixing between thes andp states depends on
thes andp wavefunctions near the nucleus. From Problem 1.12, we have for thes
state in the regionr . a0/Z

ψs(r) ∼
√

Z

a
3/2
0

e−Zr/a0 , (1.219)

where the factor ofa−3/2
0 gives the wavefunction the correct dimensions. For the

p-state in the same region,

ψp(r) ∼
(

Z

a0

)3/2 r

a0
e−Zr/a0 . (1.220)

The weak Hamiltonian (1.209) has two terms. The second term does not contribute
to the matrix element because

〈n′p1/2|δ3(~r)~s · ~p|ns1/2〉 = 0 . (1.221)

This follows from the fact that an electron in ans-wave state has zero momentum
at the origin, as well as the fact that thep wavefunction has a value of zero at
r = 0. Thus only the first term contributes, and so the matrix element between the
|n′p〉 state and the|ns〉 state is given by

〈n′p1/2|Hw|ns1/2〉 ∼
GF Qw

mc

∫
ψs(r)

(
δ3(r)

~
i

∂

∂r

)
ψp(r) d3r (1.222)

∼ −i
GF Qw~

mc
ψs(0)

∂ψp

∂r

∣∣∣
0

. (1.223)

In the above estimate, we have set~s · ~p = ~pr/2, since details of the angular
distribution of~p do not affect theZ-scaling.

From Eq. (1.220), we see that

∂ψp

∂r

∣∣∣
0
∼ Z3/2

a
5/2
0

(1.224)

and since

ψs(0) ∼
√

Z

a
3/2
0

, (1.225)

then using Eq. (1.223), we have

〈n′p1/2|Hw|ns1/2〉 ∼ −i
GF Qw~
mca4

0

Z2 . (1.226)
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The weak chargeQw is roughly proportional to the atomic number, so

〈n′p1/2|Hw|ns1/2〉 ∝ Z3 . (1.227)

Usually this result is understood as a consequence of the electron density inside
the nucleus fors-states,|ψs(0)|2, scaling asZ (Problem 1.12), the momentum
of the electron (which entersHw) near the nucleus (where there is no shielding)
scaling asZ, and the scaling ofQw with Z. This explanation is equivalent to our
considerations above if one takes into account the fact that the momentum operator
acting on thep-wave state yields

~
i

∂ψp

∂r

∣∣∣
r=0

∼ Z
~
a0

ψs(0) . (1.228)

The observation that the PNC-induced mixing is inversely proportional to the
energy difference between the states [Eq. (1.218)] has led to the suggestion to
measure PNC in atoms with nearly degenerate opposite parity levels: the hydrogen
2s-2p system [Hinds (1988) and references therein] and heavy elements such as
the rare earth atoms (Dzubaet al. 1986), e.g., samarium (Barkovet al. 1989;
Wolfenden and Baird 1993), dysprosium (Budkeret al.1994; Nguyenet al.1997),
and ytterbium (DeMille 1995).

(d) The PNC-induced mixing between the|n′p〉 and |ns〉 states is imaginary
[Eq. (1.226)] because the weak interaction violates parity but not time-reversal
invariance (T).

Consider the application of a static electric field (alongz) to an atom in the
state|ñs1/2〉 [see Eq. (1.218)]. The Hamiltonian governing the interaction of the
electric field with the atom is (in the single-electron approximation)

H1 = −~d · ~E = ezE0 , (1.229)

where~d is the electric dipole operator andE0 is the magnitude of the electric field
~E. The first-order energy shift due to the electric field is

∆E(1) = eE0〈ñs1/2|z|ñs1/2〉 (1.230)

= eE0

(〈ns1/2| − iη〈n′p1/2|
)
z
(|ns1/2〉+ iη|n′p1/2〉

)
, (1.231)

where we have implicitly assumed that the states|ns1/2〉 and |n′p1/2〉 have the
same projection of total angular momentum on the quantization axis [so that they
can be coupled by the HamiltonianH1 (1.229)] andiη is the PNC-induced mixing
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amplitude [Eqs. (1.218) and (1.226)]:

iη =
〈n′p1/2|Hw|ns1/2〉

∆E
. (1.232)

Sincez only connects states of opposite parity, we have

∆E(1) = eE0〈ns1/2|z|n′p1/2〉(−iη + iη) = 0 , (1.233)

where we have made use of the fact that

〈n′p1/2|z|ns1/2〉 = 〈ns1/2|z|n′p1/2〉 . (1.234)

Thus there is no linear Stark shift becauseiη is purely imaginary.
If iη had a real part,∆E(1) would be nonzero, which would violate T-

invariance. To see this, we note that if∆E(1) = −〈~d · ~E〉 6= 0, then〈~d〉 6= 0.
The Wigner-Eckart theorem (Appendix F) states that any vector quantity must be
proportional to the total angular momentum of the system, so:

〈~d〉 ∝ 〈 ~J〉 . (1.235)

However, the time reversal operatorT takes~d → ~d while it takes ~J → − ~J , so
the existence of a “permanent” electric dipole moment (one that exists even in
the absence of an applied electric field) violates T-invariance (see Problem 4.8 for
further discussion).

(e)The weak Hamiltonian is a scalar operator, so it only couples states having the
same total angular momentumJ and the same projection of angular momentum
MJ . Thus we will consider the PNC-induced mixing between theMJ = 1/2
states,

iη =
〈2P1/2 MJ = 1/2|Hw|2S1/2 MJ = 1/2〉

∆E
, (1.236)

realizing that, because of rotational invariance, theMJ = −1/2 states have the
same mixing amplitude.

To simplify the notation, taking into account Eq. (1.221), we may write

Hw = β~s · ~p δ3(~r) , (1.237)

where

β =
GF√

2
1

2mc~
Qw . (1.238)
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TheS andP states can be expressed as products of the spin wavefunctions,|+〉 and
|−〉, and the spatial wavefunctions,|n, l, ml〉, using Clebsch-Gordan coefficients:

|2S1/2 MJ = 1/2〉 = |2, 0, 0〉|+〉 , (1.239)

|2P1/2 MJ = 1/2〉 =

√
2
3
|2, 1, 1〉|−〉 −

√
1
3
|2, 1, 0〉|+〉 . (1.240)

First we will find~s · ~p |2P1/2 MJ = 1/2〉. The operator~s · ~p, represented in the
spin basis using the Pauli matrices, is given by

~s · ~p = sxpx + sypy + szpz (1.241)

=
~
2

[(
0 px

px 0

)
+

(
0 −ipy

ipy 0

)
+

(
pz 0
0 −pz

)]
(1.242)

=
~
2

(
pz px − ipy

px + ipy −pz

)
. (1.243)

Thus, in the spin basis, we have

~s · ~p |2P1/2 MJ = 1/2〉 =
~
2

(
pz px − ipy

px + ipy −pz

)
 −

√
1
3 |2, 1, 0〉√

2
3 |2, 1, 1〉


 .

(1.244)

Substituting this into Eq. (1.236), we have

iη∆E =
~β
2
×

(
−

√
1
3
〈2, 1, 0|pzδ

3(~r)|2, 0, 0〉+

√
2
3
〈2, 1, 1|(px + ipy)δ3(~r)|2, 0, 0〉

)
.

(1.245)

In the above equation, note that(〈2P1/2 MJ = 1/2| ~s · ~p), which appears in the
formula for η (1.236) when expression (1.237) forHw is used, is obtained from
(1.244) by Hermitian conjugation. Next we take into account the fact that in the
spherical basis (see Appendix F)

p1 = − 1√
2
(px + ipy) (1.246)

p0 = pz (1.247)

p−1 =
1√
2
(px − ipy) , (1.248)
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so

iη∆E = −~β
2

(
1√
3
〈2, 1, 0|p0δ

3(~r)|2, 0, 0〉+
2√
3
〈2, 1, 1|p1δ

3(~r)|2, 0, 0〉
)

.

(1.249)

Now we can apply the Wigner-Eckart theorem (Appendix F):

〈2, 1, 0|p0δ
3(~r)|2, 0, 0〉 =

1√
3
〈2, 1||pδ3(~r)||2, 0〉〈0, 0, 1, 0|1, 0〉 , (1.250)

〈2, 1, 1|p1δ
3(~r)|2, 0, 0〉 =

1√
3
〈2, 1||pδ3(~r)||2, 0〉〈0, 0, 1, 1|1, 1〉 , (1.251)

where 〈l1,m1, κ, q|l2,m2〉 is the appropriate Clebsch-Gordan coefficient and
〈n2, l2||pδ3(~r)||n1, l1〉 is the reduced matrix element. Both Clebsch-Gordan coef-
ficients in (1.251) equal one, so using the fact that

〈2, 1, 0|p0δ
3(~r)|2, 0, 0〉 = 〈2, 1, 1|p1δ

3(~r)|2, 0, 0〉 , (1.252)

in Eq. (1.249) we have

η∆E = −~β
√

3
2i

〈2, 1, 0|p0δ
3(~r)|2, 0, 0〉 . (1.253)

Now we use the hydrogen wavefunctions in order to carry out the integral
associated with the above matrix element. We begin by findingp0ψ210(~r). The
momentum operator in thez-direction is given by

p0 = pz =
~
i

∂

∂z
. (1.254)

In order to differentiate the hydrogen wavefunctions, which are most conveniently
expressed in spherical coordinates, with respect toz, we need to express∂∂z in
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spherical coordinates:14

∂

∂z
= cos θ

∂

∂r
− sin θ

r

∂

∂θ
. (1.260)

The hydrogen wavefunctionψ210(r, θ, φ) is

ψ210(r, θ, φ) =
1

4
√

2π

1

a
3/2
0

r

a0
e−r/2a0 cos θ . (1.261)

Employing Eqs. (1.260) and (1.261), we find that

p0ψ210(~r) =
~
i

∂

∂z
ψ210(~r) =

−i~
4
√

2π

1

a
5/2
0

(
1− r

2a0
cos2 θ

)
e−r/2a0 . (1.262)

Now we are prepared to evaluate the integral in Eq. (1.253). Noting that we
must take the complex conjugate of (1.262) and using the hydrogen wavefunction
ψ200(r, θ, φ)

ψ200(r, θ, φ) =
1

2
√

2π

1

a
3/2
0

(
1− r

2a0

)
e−r/2a0 , (1.263)

we obtain

η∆E = −~
2β
√

3
32πa4

0

∫ (
1− r

2a0
cos2 θ

)(
1− r

2a0

)
e−r/a0δ3(r)d3r (1.264)

= −~
2β
√

3
32πa4

0

. (1.265)

14 The gradient in spherical coordinates is given by

~∇ =
∂

∂r
r̂ +

1

r

∂

∂θ
θ̂ +

1

r sin θ

∂

∂φ
φ̂ , (1.255)

while in Cartesian coordinates it is

~∇ =
∂

∂x
x̂ +

∂

∂y
ŷ +

∂

∂z
ẑ . (1.256)

The spherical basis is related to the Cartesian basis by:

r̂ = sin θ cos φx̂ + sin θ sin φŷ + cos θẑ , (1.257)

θ̂ = cos θ cos φx̂ + cos θ sin φŷ − sin θẑ , (1.258)

φ̂ = − sin φx̂ + cos φŷ . (1.259)

Using the above relations in (1.255), we find for thez-component of the gradient the expression
given in Eq. (1.260).
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Using Eqs. (1.238) and (1.210) in (1.265), we find

η∆E = −
√

3
2

GF Qw

64π

~
mca4

0

(1.266)

= −
√

3
2

3× 10−12

64π
Qw
~c
a4

0

(
~

mc

)3

(1.267)

= −
√

3
2

3× 10−12

64π
Qwα4mc2 . (1.268)

The weak charge for hydrogen, according to (1.211), is

Qw = 1− 4 sin2 θw ≈ 0.08 . (1.269)

Thus

η∆E ≈ −2× 10−18 eV . (1.270)

The energy splitting between the2S1/2 and2P1/2 states is given by the Lamb shift:

∆E ≈ 1058 MHz ≈ 4× 10−6 eV . (1.271)

Therefore the PNC-induced mixing between the2S1/2 and 2P1/2 states in
hydrogen is

η ≈ −5× 10−13 . (1.272)

Note that this effect is about an order of magnitude larger in deuterium, where
the weak charge isQw ≈ −1. Experimental efforts to measure PNC effects in
hydrogen are reviewed by Hinds (1988).

(f) As a rough estimate, we will say that the only differences between the PNC-
induced mixing of states in hydrogen and the mixing in cesium areZ, Qw, and
the energy level splitting. In this approximation, the amplitudeη(Cs) of the PNC-
induced mixing between the6s and6p states in Cs is related to the amplitude of
PNC-induced mixing of the2s and2p states in hydrogen,η(H), by

η(Cs) ∼ η(H)
Z2Qw(Cs)

Qw(H)
∆EH(2s, 2p)
∆ECs(6s, 6p)

, (1.273)

whereZ = 55 is the atomic number of Cs,∆EH(2s, 2p) ≈ 4 × 10−6 eV is the
splitting of the2S1/2 and2P1/2 states in hydrogen due to the Lamb shift, and
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∆ECs(6s, 6p) is the energy separation between the6s and6p levels in Cs,

∆ECs(6s, 6p) ∼ −104 cm−1 ∼ −1.25 eV . (1.274)

Based on Eq. (1.211), we estimate the weak charge for Cs,Qw(Cs), to be

Qw(Cs) ≈ −75 , (1.275)

close to the experimental result of−72.06(46) (Woodet al. 1997), which differs
from−75 due to radiative corrections.15 Using these values in (1.273), we get

η(Cs) ∼ −5× 10−12 . (1.276)

A more detailed analysis for Cs leads to a result about twice as large16 [see, for
example, Khriplovich (1991)].

Given the exceedingly small mixing amplitude, it is indeed a remarkable
achievement that PNC in cesium has been measured to a fraction of a percent
(Woodet al.1997).

1.14 Parity nonconservation in anti-atoms

As discussed in Problem 1.13, parity nonconservation due to the neutral weak
interaction manifests itself in atomic transitions. For example, for the highly
forbidden one-photon decay of unpolarized excited hydrogen

|2S〉 → |1S〉+ γ, (1.277)

the emitted photons have a preferred circular polarization. The effect is larger for
deuterium, due to its larger weak chargeQw [Eq. (1.211)]. For deuterium, the
degree of circular polarization of the photons is∼ 2× 10−4.

15 Radiative correctionsare modifications to interactions due to higher-order processes – in the
language of Feynman diagrams (Appendix H), they arise from diagrams with the same initial and
final states but with more intermediate vertices than the lowest-order process [see, for example, the
book by Griffiths (1987)]. For example, in the case considered here, the expression forQw (1.211) is
based onZ0 exchange between the nucleus and an electron. One of the Feynman diagrams describing
a radiative correction toQw involves aZ0 propagating from the nucleus, then turning into a top
quark and anti-top quark, which subsequently annihilate to create aZ0 which then interacts with the
electron.
16 One may note that because all thep-states in Cs are relatively far from the6s state in energy, a

proper calculation of PNC effects should include a sum over allp-states. However, the amplitudes
of the couplings to states other than the6p and7p are rather small, and one can obtain a reasonably
accurate prediction for the PNC-induced mixing by only including the admixtures of the6p and7p
states into6s. The PNC-induced mixing between6s and7p is a factor of∼ 4 smaller than the6s−6p
mixing, so our estimate should give close to the right result for the total mixing ofp-states into the
6s state.
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As it turns out, while P-invariance is violated, the symmetry is almost restored
by performing the combined transformation of spatial inversion andcharge con-
jugation,17 C. So far, the only examples of CP-violation have been found in the
decays of neutral K- and B-mesons, and for the purpose of this problem, we will
assume that CP is a good symmetry.

The question is: if hydrogen preferentially emits right-circularly polarized (R)
photons,18 what is the sign of the preferred circular polarization forantihydrogen?

Antihydrogen has been produced at CERN (G. Bauret al.1996) and FermiLab
(G. Blanfordet al.1998) using particle accelerators. The antihydrogen produced in
these experiments travel nearly at the speed of light with respect to the laboratory
reference frame, making it exceedingly difficult to perform precision spectroscopy.
Low-energy antiprotons and cold positrons can be stored simultaneously in nested
Penning traps (Gabrielseet al. 1999), and quite recently this method has been
successfully used to produce cold antihydrogen (Amorettiet al. 2002, Gabrielse
et al.2002). This appears to be a promising route toward producing antihydrogen
useful for spectroscopic tests. Antihydrogen may serve as an interesting system
with which to test CPT and Lorentz invariance [see, for example, Holzscheiter and
Charlton (1999) and Gabrielse (2001)].

Solution

Consider the decay (1.277) as seen in the laboratory and in its mirror image (upper
part of Fig. 1.11). Mirror reflection changes the R photons into L photons (L and
R designate left- and right-circular polarization, respectively), so looking in the
mirror, we see that excited hydrogen preferentially decays into L photons. This
actually doesnot occur in reality, which is the essence of parity nonconservation:
laws of nature are not the same in the real laboratory and its counterpart in the
mirror. (In this case, the law of nature says that excited hydrogen preferentially
decays into R photons.)

Now, instead of a usual (P) mirror that inverts coordinates,19 consider its C-
analog. A “C-mirror” reverses all charges converting particles into antiparticles,
but does not affect coordinates. Looking at the original process in such a mirror
(middle part of Fig. 1.11), we see antihydrogen preferentially decaying into an R
photon, and again, this does not occur in reality (C-violation).

17 This transformation changes matter into antimatter.
18 In this book, we use the spectroscopists’ convention for left and right circular polarization, where

a σ+ photon (one with positivehelicity, with the photon spin along its direction of propagation) is
said to be left-circularly polarized, and aσ− photon is said to be right-circularly polarized.
19 Actually, a mirror inverts only one out of three coordinates, but this is not essential since inver-

sion of all three coordinate axes is equivalent to inversion of just one of them followed by a rotation
by 180 degrees around the inverted axis.
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H(2S)→H(1S) + γ(R) H(2S)→H(1S) + γ(L)

P

H(2S)→H(1S) + γ(R) H H

C

H(2S)→H(1S) + γ(R) H H

CP

FIG . 1.11 Hydrogen|2S〉 → |1S〉+ γ decay as seen in the laboratory, and upon action of various

transformations: P, C, and the combined CP-transformation.H designates antihydrogen,γ(L)

andγ(R) designate photons and their preferential circular polarization.

In order to determine how antihydrogen actually decays, we can use CP-
invariance, and look at the original process in a “CP-mirror” (the lower part of
Fig. 1.11). Because of CP-invariance, whatever we see in the “CP-mirror” actu-
ally corresponds to a real process that, at least in principle, can be reproduced in
the laboratory. The conclusion is that antihydrogen preferentially decays into L
photons, and the degree of circular polarization is the same as for hydrogen.

The same result can be obtained more formally. First consider hydrogen. Its
Hamiltonian can be written as

H = H0 + Hw, (1.278)

whereH0 is the parity-conserving part of the Hamiltonian, andHw is the parity-
violating part. As we have seen in Problem 1.13, the parity-violating part of the
Hamiltonian leads to mixing of eigenstates ofH0 which have definite parity. In
particular, an eigenstate of the full Hamiltonian is now

|2̃S〉 ≈ |2S〉+
〈2P |Hw|2S〉
E2S − E2P

|2P 〉 ≡ |2S〉 + iη|2P 〉. (1.279)

Here we used first-order perturbation theory,E2S and E2P are the energies of
the corresponding eigenstates ofH0, and we neglected mixing of|2S〉 with all
states other than the nearby|2P 〉. As we have seen in Problem 1.13, the con-
stantiη turns out to be imaginary as a consequence of T-invariance. The form
of Eq. (1.279) corresponds to the so-called “spin-helix,” whose sign dictates the
preferred handedness of the decay photon [see (Khriplovich 1991), Chapter 2 for
details].
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Now, let us analyze antihydrogen. In quantum field theory, antihydrogen is
automatically included in the Hamiltonian, so generalizing (1.278) we write:

H = H0 + Hw + H0 + Hw , (1.280)

i.e., we explicitly include the parity-conserving and parity nonconserving terms for
antihydrogen (the bar designates quantities related to antihydrogen). CP-invariance
means that the full Hamiltonian (1.280) is invariant under CP, so

(CP )H0(CP )−1 = H0; (CP )Hw(CP )−1 = Hw. (1.281)

The analog of Eq. (1.279) for antihydrogen is:

|2̃S〉 ≈ |2S〉 + iη |2P 〉. (1.282)

In order to evaluateiη, we can start with the definition ofiη, and insert the identity
(CP )−1(CP ) = 1 on both sides of the operatorHw:

iη =
〈2P |Hw|2S〉
E2S − E2P

=
〈2P |(CP )−1(CP )Hw(CP )−1(CP )|2S〉

E2S − E2P
(1.283)

=
〈−2P |(CP )Hw(CP )−1|2S〉

E2S − E2P
(1.284)

= −〈2P |Hw|2S〉
E2S −E2P

= −δ . (1.285)

Here we used the properties of the wavefunctionsCP |2S〉 = |2S〉, CP |2P 〉 =
−|2P 〉 (C just adds a bar, and P changes the sign of odd-parity wavefunctions), and
the invariance of eigenenergies ofH0 +H0 with respect to CP. This shows that the
sign of parity-violating mixing for antihydrogen is opposite to that for hydrogen,
which implies preferential emission of L-photons, in agreement with our earlier
conclusion.

1.15 The anapole moment (T)

The anapole(Zel’dovich 1958) is an electromagnetic moment20 that appears,
along with the more familiar moments such as the magnetic dipole, in the mul-
tipole expansion of the vector potential of an electromagnetic current distribution
of finite spatial extent, e.g., an atomic nucleus.

20 Different electromagnetic moments correspond to the different rank tensors necessary to
describe charge and current distributions.
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The anapole moment~a of the system is defined as

~a = −π

∫
r2~j(~r)d3r, (1.286)

where~j(~r) is the current density. From this definition, as we will show in this
problem, it follows that the anapole’s contribution to the vector potential is

~Aa

(
~R
)

= ~aδ(~R), (1.287)

indicating that in order for a charged particle to “feel” the anapole moment it has
to penetrate within the current distribution (contact interaction).

In order to visualize the simplest systems possessing an anapole moment, first
consider a current loop offset from the origin (Flambaum and Murray 1997).
Straight from the definition (1.286), there is a nonzero anapole moment pointing
in the direction opposite to that of the current at a point furthest from the origin. A
direct generalization of this is a toroidal winding (Fig. 1.12) where the current con-
secutively flows through a series of such loops. Note that in this case, in contrast
to a single loop, the magnetic field produced by the current is confined within the

aÓÖ

H
ÓÖÖÖ

j
Ó

FIG . 1.12 The simplest system with nonvanishing “irreducible” anapole moment: a toroidal wind-

ing which can be thought of as a succession of current loops offset from the origin. Figure

courtesy of S. M. Rochester.
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torus. In addition, the value of the anapole moment does not depend on the choice
of the origin. The situation here is analogous to a single charge offset from the
origin and a dipole formed by two opposite charges. One may say that the toroidal
current is the simplest example of an “irreducible” anapole.

Now to the problem.

(a) Explain why only nuclei with nonzero spin can have an anapole moment, and
why an anapole can only arise due to parity-violating interactions.21

Solution

As is true for any rank-one tensor (vector) characteristic of a system (in this case
an atomic nucleus) the anapole moment must be proportional to the total angular
momentum of the system,~I (see Appendix F). The parity-violating nature of the
anapole moment becomes apparent when one considers the behavior of~a and ~I
under spatial inversion: while the latter is a pseudovector, the former is a normal
vector just like~j [see Eq. (1.286)]. Note, however, that the existence of an anapole
moment does not violate time-reversal invariance because both~a and~I are T-odd.

(b) Now we will embark on the derivation of Eq. (1.287), which can be done
similarly to the derivation of the “usual” moments (magnetic dipole, etc.), see, for
example, Jackson (1975) or Landau and Lifshitz (1987). This part of the problem
requires somewhat involved graduate-level mathematics (tensor algebra).

The derivation presented here follows that of Sushkovet al. (1984) and
Khriplovich (1989,1991). We start from the general expression for the vector
potential

~A
(

~R
)

=
1
c

∫ ~j(~r)

|~R− ~r|
d3r , (1.288)

and expand the integrand in powers ofr/R (assumingR À r).22

Consider the zeroth-order term in the expansion of the vector potential (1.288).
Show that it vanishes for an atomic nucleus.

21 The nuclear anapole moment, arising due to the weak interaction (Problem 1.13), was recently
discovered in an atomic PNC experiment using cesium by Woodet al. (1997).
22 A conscientious reader may question the validity of this approach, since we begin by expand-

ing the vector potential in the limit whereR À r and end up with a delta function [Eq. (1.287)].
Nonetheless, more rigorous derivations (Flambaum and Khriplovich 1980; Flambaum and Hanhart
1993) confirm the conclusions presented here.
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Solution

It is convenient to use the vector form of the Taylor expansion:

1

|~R− ~r|
=

1
R
−

(
∇k

1
R

)
rk +

1
2

(
∇k∇l

1
R

)
rkrl + ... , (1.289)

where we follow the usual convention in which summation is assumed over
repeated indices.

The zeroth-order term in the expansion of the vector potential (1.288) is thus

~A(0)
(

~R
)

=
1

cR

∫
~j(~r)d3r. (1.290)

This quantity vanishes for atomic nuclei because there cannot be any average cur-
rent for a system of finite size in a steady state (for which the spatial distribution
of charges does not change with time).

(c) Now consider the first-order term in the expansion of the vector potential. Show
that it corresponds to the potential due to a magnetic dipole.

Solution

The integrand in the first-order term for each Cartesian component of the vector
potential can be decomposed into a symmetric and an antisymmetric part:

A
(1)
i

(
~R
)

= −1
c

(
∇k

1
R

) ∫
jirkd

3r

= −1
c

(
∇k

1
R

) ∫ [
1
2
(jirk + jkri) +

1
2
(jirk − jkri)

]
d3r. (1.291)

Next, we use a common trick involving Gauss’ theorem that says that the vol-
ume integral of a spatial derivative of an arbitrary well-behaved functionf is equal
to the surface integral of the function itself

∫
∇mfd3r =

∫
fdSm (1.292)

to show that the integral with the symmetric combination in Eq. (1.291) vanishes.
Indeed, consider the integral

∫
∇m(rirkjm)d3r. (1.293)

Converting the integral over volume to a surface integral according to Eq. (1.292)
and choosing the integration surface outside the boundaries of the system (where
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the current is zero), we see that the integral (1.293) vanishes. On the other hand,
we also have

0 =
∫
∇m(rirkjm)d3r =

∫ (
δmirkjm + riδmkjm + rirk

~∇~j
)
d3r. (1.294)

The last term in the integrand of (1.294) vanishes because the divergence of the
current is zero in a steady state. The other two terms correspond to the symmetric
combination in Eq. (1.291).

We now consider the antisymmetric part of the integral in Eq. (1.291):

A
(1)
i

(
~R
)

=
1
c

Rk

R3

∫ {
1
2
(jirk − jkri)

}
d3r. (1.295)

Because

Rkjirk −Rkjkri = ji
~R · ~r − ri

~R ·~j =
{

~R×
(
~j × ~r

)}
i
, (1.296)

we recognize in Eq.(1.295) the familiar expression for the vector potential from a
magnetic dipole~m

A
(1)
i

(
~R
)

=
~m× ~R

R3
, (1.297)

where the magnetic dipole moment is defined as

~m =
1
2c

∫
~r ×~j(~r)d3r. (1.298)

(d) Finally, we turn to the second-order terms in the multipole expansion of the
vector potential (1.288) that will yield us the anapole moment:

~A
(2)
i

(
~R
)

=
1
2c

(
∇k∇l

1
R

)∫
jirkrld

3r. (1.299)

Show that all symmetric terms in Eq. (1.299) vanish.

Solution

The integrand in Eq. (1.299) is a third-order tensor (i.e., a tensor resulting from
combining three vectors) that can generally be decomposed into irreducible ten-
sors of ranks 3, 2, 1, and 0, the first being totally symmetric with respect to the
components of the constituent vectors and the last being completely antisymmet-
ric.23 We now use a trick similar to that used in Eq. (1.294) to show that the

23 In order to see that the irreducible rank-three tensor is symmetric, it is possible to think of each of
the constituent vectors (each described by three independent coordinates) as spin-one objects, and the
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symmetric part of the tensor integrates to zero:

0 =
∫
∇m(rirkrljm)d3r =

∫
(δmirkrljm + riδmkrljm + rirkδmljm)d3r

=
∫

(rkrlji + rirljk + rirkjl)d3r. (1.300)

The remaining parts of the tensor in the integrand of Eq.(1.299) are antisymmetric
rank-two tensors and rank-one tensors (i.e., vectors).24

(e) Show that the antisymmetric rank-two part of the second order term in the
vector potential expansion violates T-invariance.

Solution

Note that all of the remaining parts of the tensor in the integrand of Eq.(1.299)
change sign under both spatial inversion (transforming~r → −~r and~j → −~j)
and time reversal (transforming~r → ~r and~j → −~j). By the Wigner-Eckart the-
orem (Appendix F), any second-rank tensor characteristic of the system (in this
case, nucleus) with total angular momentumI has to be proportional to the only
irreducible second-rank tensor that can be constructed out of the components of~I:

1
2
(IiIk + IkIi)− 1

3
I(I + 1)δik , (1.301)

which is even under both spatial inversion and time reversal. Therefore, the exis-
tence of the second-rank moment (called themagnetic quadrupole moment) would
violate both parity (P) and time-reversal (T) invariance. In this problem, we restrict
ourselves to T-conserving moments and will not further consider the magnetic
quadrupole.

(f) Show that the remaining rank-one tensor in the second-order term of the vector
potential expansion is a vector proportional tor2~j.

irreducible rank-three tensor as a spin-three object. It is clear that to get a spin-three by combining
three spin-ones, it is necessary to construct a totally symmetric wavefunction. For rank-zero, the
only scalar that can be built out of the three vectors~v1−3 is their mixed product~v1 · (~v2 × ~v3) =
(v1)i(v2)j(v3)kεijk, whereεijk is the totally antisymmetric (Levi-Civita) tensor. With two of the
constituent vectors being the same, the rank-zero term vanishes.
24 A general third-order tensor (27 independent components) is decomposed into one irreducible

rank-three tensor (7 components), two irreducible rank-two tensors (2×5 components), three vectors
(3×3 components), and a scalar (one component; see, for example, Varshalovichet al. (1988),
Chapter 3.2.2); however in the present case the number of possible tensors is reduced because two of
the constituent vectors are the same and only structures symmetric in the corresponding components
are allowed.
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Solution

Let us now turn to the vectors that can be constructed out ofrirkjl. The only
possibilities are:r2~j and~r(~r ·~j). It turns out that integrals over these two vectors
are not independent. To see this, note that there is no summation over indices in
Eq. (1.300), so the identity is valid for any set of components. If so, it is also true
for sums of such components. In particular, the sum (called thecontraction of the
tensor over two indices) gives

0 = δkl

∫
(rkrlji + rirljk + rirkjl)d3r =

∫ (
r2ji + 2ri(~r ·~j)

)
d3r. (1.302)

Thus, it is sufficient to only consider ther2~j structure.

(g) Using the above results, prove that the second order term in the expansion of
the vector potential is given by

~A
(2)
i

(
~R
)

= − 1
3c

(
∇k∇l

1
R

)∫
εkipVprld

3r , (1.303)

whereVp is a dual vectorfor the antisymmetric second-order tensorjkri − jirk

(see, for example, Arfken (1985), Chapter 3.4):

(jkri − jirk) = εkipVp . (1.304)

This form explicitly accounts for the antisymmetry. The explicit expression of the
components of~V is found by contracting both sides of Eq. (1.304) withεkiq and
taking into account that

εkipεkiq = 2δpq , (1.305)

Vq =
1
2
εkiq(jkri − jirk) . (1.306)

Solution

Let us return to Eq. (1.299) and transform it taking into account Eq. (1.300) and
the fact that the tensor

(∇k∇l
1
R

)
is symmetric in indicesk andl. First, from Eq.

(1.300) we have:
∫

jirkrld
3r = −

∫
(jkrirl + jlrirk)d3r. (1.307)
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Substituting this into Eq. (1.299), we have:

~A
(2)
i

(
~R
)

= − 1
2c

(
∇k∇l

1
R

) ∫
(jkrirl + jlrirk)d3r

= −1
c

(
∇k∇l

1
R

) ∫
jkrirld

3r, (1.308)

where in the last expression the symmetry of
(∇k∇l

1
R

)
is used. One can combine

Eqs. (1.299) and (1.308) (by adding (1.299) and (1.308) divided by two) to obtain
a combination in the integrand that is antisymmetric in indicesi andk:

3
2

~A
(2)
i

(
~R
)

= − 1
2c

(
∇k∇l

1
R

)∫
(jkri − jirk)rld

3r. (1.309)

Using Eq. (1.304) in Eq. (1.309), we obtain the desired result:

~A
(2)
i

(
~R
)

= − 1
3c

(
∇k∇l

1
R

)∫
εkipVprld

3r. (1.310)

(h) The term ~A
(2)
i

(
~R
)

corresponds to the vector potential due to the anapole

moment. Use Eq. (1.310) to prove Eq. (1.287).

Solution

In order to complete the expansion of the integrand into irreducible structures, we
can split the tensorVprl into its symmetric and antisymmetric parts. The symmetric
part is a tensor of rank two and corresponds to the magnetic quadrupole moment.
As we have discussed above, this moment violates time-reversal invariance and we
do not consider it in this problem. We now turn to the antisymmetric part ofVprl

which we write, in analogy with Eq. (1.304), as

1
2
(Vprl − Vlrp) =

1
2
εplqWq. (1.311)

Substituting this into Eq. (1.310), and using the identity

εkipεplq = δklδiq − δkqδil (1.312)

we write

~A
(2)
i,Anapole

(
~R
)

= − 1
6c

(
∇k∇l

1
R

) ∫
(δklWi − δilWk)d3r. (1.313)

We see that we have reduced the expression for the vector potential to the form
that depends only on a single vector characteristic of the system, the integral of



“atomicphysicsproof” — 2003/10/7 — page 73 — #83

THE ANAPOLE MOMENT (T) 73

~W . It is clear that it must be proportional to the anapole moment (1.286). In order
to see this explicitly, we use Eq. (1.306) and its analog for the components of~W
and write:∫

Wid
3r =

1
2
εpli

∫
(Vprl − Vlrp)d3r

=
1
4
εpli

∫
[εkqp(jkrq − jqrk)rl − εkql(jkrq − jqrk)rp]d3r

=
∫ [

−jir
2 + ri

(
~j · ~r

)]
d3r, (1.314)

where once again we have used the identity (1.312). The expression (1.314) can
be simplified with the help of Eq. (1.302):

∫
Wid

3r = −3
2

∫
jir

2d3r =
3
2π

ai, (1.315)

where in the latter equality we have substituted the definition (1.286).
We are now ready to substitute the result (1.315) into the expression for the

vector potential (1.313):

~A
(2)
i,Anapole

(
~R
)

= − 1
4πc

(
∇k∇l

1
R

)
(δklai − δilak) . (1.316)

The first term in Eq. (1.316) contains

∇k∇l
1
R

δkl = ∇2 1
R

= −4πδ
(

~R
)

. (1.317)

The last equality is just the statement of the Laplace equation for the scalar poten-
tial of a point charge. Let us now discuss the second term in Eq. (1.316). It is
proportional to

(
∇k∇l

1
R

)
δilak = ∇i

(
~a · ~∇ 1

R

)
, (1.318)

i.e., a gradient of a scalar function. Recall, however, that the vector potential is
not unique: it is defined up to a gradient of an arbitrary scalar function; addition
of such a function is calledgauge transformation[see, for example, Landau and
Lifshitz (1987)].25 In fact, our starting point, Eq. (1.288), is written in a particular
Coulomb gaugefor which ~∇ · ~A = 0.

Skipping the second term in Eq. (1.316) because it can be eliminated by a gauge
transformation and employing Eq. (1.317), we obtain the sought-for Eq. (1.287).

25 This is because the observables are fields rather than potentials. To find the magnetic field, we
take the curl of~A. Because the curl of a gradient is zero, the field is invariant with respect to a gauge
transformation.


