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I presented an estimation of the Lamb Shift using �rst order perturbation
theory.

We begain by considering a free electron under the in�uence of zero-point
�uctuations in the electromagnetic �eld. First, we considered a mode ω of the
electromagnetic �eld, and using the classical, non-relativistic, relation

m
d2x

dt2
= eE

obtained an expression for the mean square variation δx2 in the electron's
position from a single mode of the electromagnetic �eld.

As one does in such problems, we then summed over the modes of the elec-
tromagnetic �eld to obtain the total mean square variation δr2 in the electron's
position. Naively, one would sum over modes from 0 to ∞, but this integral is
unfortunately in�nite. To deal with this problem, we impose lower and upper
cuto�s in the sum on the modes. We impose the upper cuto� at the frequency
corresponding to the Compton wavelength of the electron because this is the
scale at which we must consider relativstic e�ects. We impose a lower cuto�.
A lower cuto� we impose at atomic frequencies because at this point our free
electron model fails.

We then consider the electron in the Coulomb potential V (r) = − e2

r . We
expand the potential V (r + δr) = [1 + δr · ∇+ 1

2 (δr · ∇)2 + ...]V (r).
Finally, we average < V (r + δr) > . δr has an isotropic spatial distribu-

tion, so the δr · ∇ term vanishes in a spatial average. Thus, < V (r + δr) >=
[1 + 1

6 < (δr) >2 ∇2 + ...]V (r). This average potential is the e�ective potential
under which the electron is in�uenced, and we can treat this second term as
a perturbation, by using the δr we obtained above by zero-point energy con-
siderations. Using then �rst order perturbation theory, we then arrive at the
following expression for the Lamb shift:

∆E =
4e2
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This energy shift vanishes for wavefunctions which have zero probability
density at the nucleus�thus, this e�ect arises from the fact that the electron
spends some of its time at the nucleus.
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